Abstract. Generalizing Christensen's notion of a Haar-null set and Darji's notion of a Haar-meager set, we introduce and study the notion of a Haar-I set in a Polish group. Here I is an ideal of subsets of some compact metrizable space K. A Borel subset B ⊂ X of a Polish group X is called Haar-I if there exists a continuous map f : K → X such that f −1 (B + x) ∈ I for all x ∈ X. Moreover, B is generically Haar-I if the set of witness functions {f ∈ C(K, X) : ∀x ∈ X f −1 (B + x) ∈ I} is comeager in the function space C(K, X). We study (generically) Haar-I sets in Polish groups for many concrete and abstract ideals I, and construct the corresponding distinguishing examples. Also we establish various Steinhaus properties of the families of (generically) Haar-I sets in Polish groups for various ideals I.
Introduction
The study of various σ-ideals in topological groups is a popular and important area of mathematics, situated on the border of Real Analysis, Topological Algebra, General Topology and Descriptive Set Theory. Among the most important σ-ideals let us mention the σ-ideal M of meager subsets in a Polish group and the σ-ideal N of sets of Haar measure zero in a locally compact group. Both ideals are well-studied, have many applications, and also have many similar properties.
For example, by the classical Steinhaus-Weil Theorem [31] , [33, §11] for any measurable sets A, B of positive Haar measure in a locally compact group X the sum A + B = {a + b : a ∈ A, b ∈ B} has non-empty interior in X and the difference A − A is a neighborhood of zero in X. A similar result for the ideal M is attributed to Piccard [27] and Pettis [26] . They proved that for any non-meager Borel sets A, B in a Polish group X the sum A + B has non-empty interior and the difference A − A is a neighborhood of zero in X.
In contrast to the ideal M, which is well-defined on each Polish group, the ideal N of sets of Haar measure zero is defined only on locally compact groups (since its definition requires the Haar measure, which does not exist in non-locally compact groups). In order to bypass this problem, Christensen [9] introduced the important notion of a Haar-null set, which can be defined for any Polish group. Christensen defined a Borel subset A of a Polish group X to be Haar-null if there exists a σ-additive Borel probability measure µ on X such that µ(A + x) = 0 for all x ∈ X. Christensen proved that Haar-null sets share many common properties with sets of Haar measure zero in locally compact groups. In particular, the family HN of subsets of Borel Haar-null sets in a Polish group X is an invariant σ-ideal on X. For any locally compact Polish group X the ideal HN coincides with the ideal N of sets of Haar measure zero. Christensen also generalized the Steinhaus difference theorem to Haar-null sets, proving that if a Borel subset B of a Polish group X is not Haar-null, then the difference B − B is a neighborhood of zero in X.
Since probability measures on Polish spaces are supported by σ-compact sets, the test measure µ in the definition of a Haar-null set can be chosen to have compact support. This mean that for defining Haar-null sets it suffices to look at the Polish group through "compact window" (coinciding with the support of the test measure). Exactly this "compact window" philosophy was used by Darji [10] who introduced the notion of a Haar-meager set in a Polish group. Darji defined a Borel subset B of a Polish group X to be Haar-meager if there exists a continuous map f : K → X defined on compact metrizable space K such that for any x ∈ X the preimage f −1 (A + x) is meager in K. Haar-meager sets share many common properties with Haar-null sets: the family HM of subsets of Borel Haar-meager sets in a Polish group X is an invariant σ-ideal on X; if the Polish group X is locally compact, then the ideal HM coincides with the ideal M of meager sets in X; if a Borel subset B ⊂ X is not Haar-meager, then B − B is a neighborhood of zero in X (see [20] ).
In this paper we shall show that the ideals HN and HM are particular instances of the ideals of Haar-I sets in Polish groups. Given a compact metrizable space K and an ideal I of subsets of K, we define a Borel subset B of a Polish group X to be Haar-I if there exists a continuous map f : K → X such that f −1 (A + x) ∈ I for any x ∈ X. For a Polish group X by HI we denote the family of subsets of Borel Haar-I sets in X. For the ideal I = M of meager sets in the Cantor cube K = {0, 1} ω the family HI coincides with the ideal HM of Haar-meager sets in X and for the ideal I = N of sets on product measure null on K = {0, 1} ω the family HI coincides with the ideal HN of Haar-null sets in X.
In Sections 4-11 we study Haar-I sets in Polish groups for many concrete and abstract ideals I. In particular, we find properties of the ideal I, under which the family HI is an ideal or σ-ideal. We present many examples distinguishing Haar-I sets for various ideals I. In Section 8 we characterize ideals I for which the family HI has the Steinhaus property in the sense that for any Borel set B / ∈ HI in a Polish group X the difference B − B is a neighborhood of zero in X.
In Sections 12, 13 we study generic Haar-I sets in Polish groups. We define a Borel subset A of a Polish group X to be generically Haar-I if the set of witnessing functions {f ∈ C(K, X) : ∀x ∈ X f −1 (A + x) ∈ I} is comeager in the space C(K, X) of continuous functions endowed with the compact-open topology. For the ideal I = N of sets of measure zero in the Cantor cube K = {0, 1} ω our notion of a generically Haar-I set is equivalent to that introduced and studied by Dodos [11] - [13] . Extending a result of Dodos, we show that for any Polish group X the family GHI of subsets of Borel generically Haar-I sets in X has the weak Steinhaus property: for any Borel set B / ∈ GHI the difference B − B is not meager and hence (B − B) − (B − B) is a neighborhood of zero in X.
In Section 14 we detect various smallness properties for some simple subsets in countable products of finite groups. In the final Section 15 we collect the obtained results and open problems on (weak and strong) Steinhaus properties of various families of small sets in Polish groups.
Preliminaries
All groups considered in this paper are Abelian. For a Polish group X by θ we shall denote the neutral element of X and by ρ : X × X → R + a complete invariant metric generating the topology of X.
By ω we denote the set of finite ordinals and by N = ω \ {0} the set positive integer numbers. Each number n ∈ ω is identified with the set {0, . . . , n − 1} of smaller numbers.
For every n ∈ N we denote by C n a cyclic group of order n, endowed with the discrete topology. For two subsets A, B of a group let A + B := {a + b : a ∈ A, b ∈ B} and A − B := {a − b : a ∈ A, b ∈ B} be the algebraic sum and difference of the sets A, B, respectively.
For a metric space (X, ρ), a point x 0 ∈ X and a positive real number ε let S(x 0 , ε) := {x ∈ X : ρ(x, z 0 ) = ε} and B(x 0 ; ε) := {x ∈ X : ρ(x, x 0 ) < ε} be the ε-sphere and open ε-ball centered at x 0 , respectively. Also let B(A; ε) = a∈A B(a; ε) be the ε-neighborhood of a set A ⊂ X in the metric space (X, ρ). For a non-empty subset A ⊂ X by diam A := sup{ρ(a, b) : a, b ∈ A} we denote the diameter of A in the metric space (X, ρ).
By 2 ω = {0, 1} ω we denote the Cantor cube, endowed with the Tychonoff product topology. The Cantor cube carries the standard product measure denoted by λ. The measure λ coincides with the Haar measure on 2 ω identified with the countable power C ω 2 of the two-element cyclic group C 2 . We shall refer to the measure λ as the Haar measure on 2 ω . A subset A of a topological space X
• is meager if A can be written as the countable union A = n∈ω A n of nowhere dense sets in X;
• is comeager if the complement X \ A is meager in X;
• has the Baire property if there exists an open set U ⊂ X such that the symmetric difference A△U := (A \ U ) ∪ (U \ A) is meager in X.
It is well-known [21, 11.5] that each Borel subset of any topological space has the Baire property. By [21, 21.6] , each analytic subspace of a Polish space X has the Baire property in X.
A topological space X is Baire if for any sequence (U n ) n∈ω of open dense subsets in X the intersection n∈ω U n is dense in X. It is well-known that a topological space X is Baire if and only if each non-empty open set U ⊂ X is not meager in X.
An indexed family of sets (A i ) i∈I is disjoint if for any distinct indices i, j ∈ I the sets A i and A j are disjoint. A family of sets A is disjoint if any distinct sets A, B ∈ A are disjoint.
In Sections 12 and 13 we shall need the following known fact on the preservation of meager and comeager sets by open maps. Proof. 1. If A is meager, then A = n∈ω A n for some nowhere dense sets A n ⊂ Y . The openness of f guarantees that for every n ∈ ω the closed set f −1 (Ā n ) has empty interior in X, so f −1 (A n ) is nowhere dense and f −1 (A) = n∈ω f −1 (A n ) is meager in X. Now assume that the set A has the Baire property and is not meager in Y . The Baire property of A yields an open set U ⊂ Y such that the symmetric difference U △A is meager. Since A is not meager, the open set U is not empty. As we have already proved, the preimage f −1 (U △A) = f −1 (U )△f −1 (A) of the meager set U △A is meager. Since the open set f −1 (U ) is not empty, the set f −1 (A) is not meager in X.
2. If a set B ⊂ Y is comeager in Y , then Y \ B is meager, its preimage f −1 (Y \ B) = X \ f −1 (B) is meager in X and f −1 (B) is comeager in X. If B has comeager preimage f −1 (B) in the Polish space X, then f −1 (B) contains a dense G δ -set G whose image f (G) ⊂ B is an analytic subspace of the Polish space Y . By [21, 21.16] , the set f (G) has the Baire property in Y . So there exists an open set U ⊂ Y such that U △f (G) is meager in Y . We claim that the set U is dense in Y . In the opposite case, we can find a non-empty open set V ⊂ Y such that V ∩ U = ∅ and hence V ∩ f (G) ⊂ f (G) \ U ⊂ U △f (G) is meager in Y . By the first item the preimage f −1 (V ∩ f (G)) is meager in f −1 (V ), which is not possible as it contains the comeager subset G ∩ f −1 (V ) of the non-empty Polish space f −1 (V ). So the set U is dense in Y and the sets f (G) ⊂ B are comeager in Y .
For a topological space X by F (X) we denote the space of all closed subsets of X. The space F (X) is endowed with the Fell topology, which is generated by the subbase consisting of sets U + := {F ∈ F (X) : F ∩ U = ∅} and K − = {F ∈ F (X) : F ∩ K = ∅} where U and K run over open and compact subsets of X, respectively. The Borel σ-algebra on F (X) generated by the Fell topology of F (X) is called the Effros-Borel structure of F (X); see [21, §12.C] .
For a topological space X by K(X) we denote the space of all non-empty compact subsets of X, endowed with the Vietoris topology. If the topology of X is generated by a (complete) metric ρ, then the Vietoris topology of K(X) is generated by the (compete) metric For a compact Hausdorff space X the Vietoris topology on K(X) coincides with the subspace topology inherited from the Fell topology of the space F (X).
For a topological space X by P (X) we denote the space of all probability σ-additive Borel measures on X, endowed with the topology, generated by the subbase consisting of sets {µ ∈ P (X) : µ(U ) > a}, where U runs over open sets in X and a ∈ [0, 1). It is known [21, 17.23 ] that for any Polish space X the space P (X) is Polish, too. A measure µ ∈ P (X) on a topological space X is called
• continuous if µ({x}) = 0 for all x ∈ X;
• strictly positive if each non-empty open set U ⊂ X has measure µ(U ) > 0. Each continuous map f : X → Y between topological spaces induces a continuous map Pf : P (X) → P (Y ) assigning to each probability measure µ ∈ P (X) the measure ν ∈ P (Y ) defined by ν(B) = µ(f −1 (B)) for any Borel set B ⊂ Y . For a measure µ ∈ P (X) on a topological space (X, τ ) the set supp (µ) := x ∈ X : ∀U ∈ τ, x ∈ U ⇒ µ(U ) > 0 is called the support of µ. By E(K, Y ) we denote the subspace of C(K, Y ) consisting of injective continuous maps from K to Y .
A topological space X is called crowded if it has no isolated points. The following lemma is well-known but we could not find a proper reference, so we provide a proof for the convenience of the reader.
Lemma 2.2. For any (zero-dimensional) compact metrizable space K and any (crowded) Polish space
Proof. Lemma 1.11.1 in [17] implies that E(K, Y ) is a G δ -set in C(K, Y ). Next, assuming that the compact space K is zero-dimensional and the Polish space Y is crowded, we show that the set E(K, Y ) is dense in C(K, Y ). Fix a metric ρ generating the topology of the Polish space Y . Given any f ∈ C(K, Y ) and ε > 0, we should find a function g ∈ E(K, Y ) such thatρ(g, f ) < ε. By the continuity of f , the zero-dimensional compact space K admits a finite disjoint open cover U such that for every U ∈ U the set f (U ) has diameter < ε 3 in the metric space (Y, ρ). In each U ∈ U choose a point x U . Since the space Y has no isolated points, we can choose a family (y U ) U∈U of pairwise distinct points in Y such that ρ(y U , f (x U )) < ε 3 . Choose a δ > 0 such that δ < ε 3 and δ ≤ 1 2 min{ρ(y U , y V ) : U, V ∈ U, U = V }. For every U ∈ U, we can apply Theorem 6.2 from [21] and find an injective continuous map g U : U → B(y U ; δ). Observe that for every x ∈ U we have
Since the family of balls B(y U ; δ) U∈U is disjoint, the family (g U (U )) U∈U is disjoint, too. Then the map g : 2 ω → Y defined by g|U = g U for U ∈ U is injective and satisfiesρ(g, f ) < ε.
Steinhaus properties of ideals and semi-ideals
A non-empty family I of subsets of a set X is called • directed if for any sets A, B ∈ I there exists a set C ∈ I such that A ∪ B ⊂ C;
• σ-continuous if for any countable directed subfamily D ⊂ I the union D ∈ I;
• a semi-ideal if I is closed under taking subsets;
• an ideal if I is a directed semi-ideal;
• a σ-ideal if I is a σ-continuous ideal. It is clear that σ-continuous ⇐ σ-ideal ⇒ ideal ⇒ semi-ideal. A semi-ideal I on a set X is proper if X / ∈ I. Each non-empty family F of subsets of a set X generates the semi-ideal
and the σ-ideal
where by [F ] <ω and [F ] ≤ω we denote the families of finite and at most countable subfamilies of F , respectively. For a family F of subsets of a topological space X by F we denote the family of all closed subsets of X that belong to the family F . Then σF is the σ-ideal generated by closed sets in F .
A semi-ideal I on a topological group X is called • translation-invariant if for any I ∈ I and x ∈ X the set I + x belongs to I;
• invariant if I is translation-invariant and for any topological group isomorphism f : X → X the family {f (I) : I ∈ I} coincides with I. Let I be a semi-ideal on a topological space X and J be a semi-ideal on a topological space Y . We say that the semi-ideals are topologically isomorphic if there exists a homeomorphism f : X → Y such that J = {f (A) : A ∈ I}. Definition 3.1. We shall say that a family F of subsets of a Polish group X has
• strong Steinhaus property if for any Borel subsets A, B / ∈ F of X the sum A + B has non-empty interior and the difference A − A is a neighborhood of zero in X;
• the Steinhaus property if for any Borel subset A / ∈ F the difference A − A is a neighborhood of zero; • the weak Steinhaus property if for any Borel subset A / ∈ F the difference A − A is not meager in X.
It is clear that strong Steinhaus property ⇒ Steinhaus property ⇒ weak Steinhaus property.
Theorem 3.2. Let I be a semi-ideal of subsets of a Polish group X such that for any closed subsets A, B / ∈ I of X the set A − B is not nowhere dense in X. Then for any analytic subspaces A, B / ∈ σI of X the set A − B is not meager in X. Consequently, the σ-ideal σI on X has the weak Steinhaus property.
Proof. Given two analytic subspaces A, B /
∈ σI of X we should prove that A−B is non-meager in X. The spaces A, B, being analytic, are images of Polish spaces P A and P B under continuous surjective maps f A : P A → A and f B : P B → B. Let W A be the union of all open subsets U ⊂ P A whose images f A (U ) belong to the σ-ideal σI. Since W A is Lindelöf, the image f A (W A ) belongs to σI. By the maximality of W A , for every non-empty relatively open subset V ⊂ P A \ W A the image f A (V ) does not belong to σI. Replacing A by f A (P A \ W A ), we can assume that W A is empty, so for every non-empty open subset V ⊂ P A the image f A (V ) / ∈ σI. By analogy, we can replace B by a smaller analytic subset and assume that for any non-empty open set V ⊂ P B the image f B (V ) / ∈ σI. We claim that A − B is not meager in X. To derive a contradiction, assume that A − B is meager and hence A − B ⊂ n∈ω F n for a sequence (F n ) n∈ω of closed nowhere dense subsets F n ⊂ X. Now consider the map ∂ :
. By the continuity of ∂, for any n ∈ ω the preimage ∂ −1 (F n ) is a closed subset of the Polish space P A × P B . Since P A × P B = n∈ω ∂ −1 (F n ), by the Baire Theorem, for some n ∈ ω the closed set ∂ −1 (F n ) has non-empty interior and hence contains a non-empty open subset V A × V B of P A × P B .
By our assumption, the images f A (V A ) and f B (V B ) do not belong to σI. Then their closures f A (V A ) and f B (V B ) do not belong to the ideal I. By our assumption, the difference
On the other hand, by closedness of F n and inclusion
which yields a desired contradiction.
Now we consider some standard examples of ideals and σ-ideals. For a set X and a cardinal κ let
<κ := {A ⊂ X : |A| < κ}.
For an infinite cardinal κ the family [X] <κ is an ideal and the family [X] ≤k is a σ-ideal. For any finite cardinal κ the families [X] ≤κ and [X] <κ are σ-continuous semi-ideals. For a topological space X by M X we denote the σ-ideal of meager subsets of X. If X is also endowed with a σ-additive Borel measure µ, then by N µ we denote the σ-ideal of sets of zero µ-measure in X (more precisely, the family of subsets of Borel sets of zero µ-measure in X). If the topological space X or the measure µ is clear from the context, then we omit the subscript and write M and N instead of M X and N µ . For a locally compact topological group X by N X or just N we denote the ideal N λ of null sets of any Haar measure on X (which is unique up to a multiplicative constant). By [1, 2.12], for any strictly positive continuous measures µ, ν ∈ P (2 ω ) on the Cantor cube 2 ω and any ε > 0 there exists a homeomorphism h : 2 ω → 2 ω such that
for any Borel set B ⊂ 2 ω . This implies that the σ-ideals N µ and N ν are topologically isomorphic. Observe that for each topological space X we get σM = M. On the other hand, for any strictly positive continuous measure µ on a Polish space X, the σ-ideal σN µ is a proper subideal of M X ∩ N µ . In [4] , [6] the σ-ideal σN on the Cantor cube is denoted by E. Now we recall some known Steinhaus-type properties of the ideals M and N on topological groups.
Theorem 3.3 (Steinhaus [31] , Weil [33, §11] ). For every locally compact Polish group the ideal N has the strong Steinhaus property.
Theorem 3.4 (Pettis [26] , Piccard [27] ). For every Polish group the ideal M has the strong Steinhaus property.
Corollary 3.5. For every locally compact Polish group the ideal M ∩ N has the Steinhaus property.
Remark 3.6. The ideal M ∩ N on a non-discrete locally compact Polish group X does not have the strong Steinhaus property. Indeed, for any dense G δ -set A ⊂ X of Haar measure zero and any countable dense set D ⊂ X the set B = x∈D (x − X \ A) is meager of full Haar measure. So, A, B / ∈ M ∩ N but A + B is disjoint with D and hence has empty interior in X. This example is presented in Example 1.3 and Theorem 1.11 of [5] . Since σN ⊂ M ∩ N , the σ-ideal σN does not have the strong Steinhaus property, too. On the other hand, this ideal has the weak Steinhaus property, established in the following corollary of Theorems 3.2, 3.3 and 3.4.
Corollary 3.7. For any analytic subsets A, B / ∈ σN of a locally compact Polish group X the set A − B is non-meager in X and hence (A − B) − (A − B) is a neighborhood of zero in X. Consequently, the ideal σN in a locally compact Polish group X has the weak Steinhaus property.
In the following example by C n we denote the n-element cyclic group endowed with the discrete topology; and put C * n = C n \ {θ} where θ is the neutral element of C n . Example 3.8. For the compact metrizable topological group X = n∈ω C 2 n the ideal σN does not have the Steinhaus property.
Proof. In the compact topological Abelian group X = n∈ω C 2 n consider the closed subset A = n∈ω C * 2 n of Haar measure n∈ω 2 n −1 2 n > 0. Fix a countable dense set D ⊂ X consisting of points x ∈ X such that x(n) = θ(n) for all but finitely many numbers n. Observe that for any such x ∈ D the intersection A ∩ (x + A) is nowhere dense in A. Then the set B = A \ x∈D (x + A) is a dense G δ -set in A. Taking into account that restriction of Haar measure to B = A is strictly positive, and applying the Baire Theorem, we can prove that the G δ -subset B of X does not belong to the σ-ideal σN . On the other hand, B ∩ (x + B) ⊂ B ∩ (x + A) = ∅ for any x ∈ D and hence B − B is disjoint with the dense set D. So, B − B = B + (−B) has empty interior in X and the ideal σN does not have the Steinhaus property.
Haar-null sets
Christensen [9] defined a subset A of a Polish group X to be Haar-null provided there exist a Borel set B ⊂ X containing A and a measure µ ∈ P (X) such that µ(B + x) = 0 for each x ∈ X. The measure µ (called the witness measure for A) can be assumed to have compact support, see e.g., [21, Theorem 17.11] .
The following classical theorem is due to Christensen [9] .
Theorem 4.1 (Christensen) . Let X be a Polish group.
(1) The family HN of all Haar-null sets in X is an invariant σ-ideal on X.
(2) If X is locally compact, then HN = N .
The σ-ideal HN has the Steinhaus property.
Solecki [29] defined a subset A of a Polish group X to be openly Haar-null if there exists a probability measure µ ∈ P (X) such that for every ε > 0 there exists an open set U ε ⊂ X such that A ⊂ U ε and µ(U ε + x) < ε for all x ∈ X. Solecki [29] observed that openly Haar-null sets in a Polish group form a σ-ideal HN
• , contained in the σ-ideal HN of Haar-null sets. It is clear that each openly Haar-null set A ⊂ X in a Polish group X is contained in a Haar-null G δ -set B ⊂ X. By a result of Elekes and Vidnyánszky [15] , each non-locally compact Polish group X contains a Borel Haar-null set B ⊂ X which cannot be enlarged to a Haar-null G δ -set in X. Our next theorem gives a function characterization of Haar-null sets. In this theorem by N we denote the ideal of sets of Haar measure zero in the Cantor cube. Theorem 4.3. For a Borel subset A in a Polish group X the following conditions are equivalent:
(1) A is Haar-null in X, (2) there exists an injective continuous map f : 2 ω → X such that f −1 (A + x) ∈ N for all x ∈ X, (3) there exists a continuous map f :
Proof. The implication (2) ⇒ (3) is trivial. To see (3) ⇒ (1), let µ := Pf (λ) be the image of the product measure λ under the map f , and observe that µ(A + x) = λ(f −1 (A + x)) for any x ∈ X. So, µ witnesses that A is Haar-null in X.
The implication (1) ⇒ (2) follows immediately from Lemmas 4.4 and 4.5 proved below.
Lemma 4.4. For any non-empty Haar-null subset A of Polish group X there exists a measure ν ∈ P (X) such that (1) ν(A + x) = 0 for every x ∈ X; (2) the support supp (ν) is homeomorphic to the Cantor cube.
Proof. Since A is Haar-null, there exists a measure µ ∈ P (X) such that µ(A + x) = 0 for all x ∈ X. Observe that µ is continuous in the sense that µ({x}) = 0 for all x ∈ X. We claim that µ(K) > 0 for some subset K ⊂ X, homeomorphic to the Cantor cube. Fix any metric ρ generating the topology of X. Let D be a countable dense subset of X. For any x ∈ X let L x be the set of all positive real numbers r > 0 such that the sphere S(x, r) = {y ∈ X : ρ(x, y) = r} has positive measure µ(S(x, r)). The countable additivity of the measure µ ensures that L x is at most countable. Fix a countable dense set
By the σ-additivity of µ, the union S := x∈D r∈R S(x, r) has measure µ(S) = 0. Then the complement X \ S is a zero-dimensional G δ -set of measure µ(X \ S) = 1. By the regularity of the measure µ, there exists a compact (zero-dimensional) subset K ⊂ X \ S of positive measure µ(K) > 0. Replacing K by a suitable closed subset, we can assume that each non-empty open subset U of K has positive measure µ(U ). Since the measure µ is continuous, the compact space K has no isolated points and being zero-dimensional, is homeomorphic to the Cantor cube 2 ω . It is easy to see that the measure ν ∈ P (X) defined by ν(B) = µ(B∩K) µ(K) for any Borel subset B ⊂ X has the required properties.
Lemma 4.5. For every continuous probability measure µ ∈ P (X) on a Polish space X and every positive a < 1 there exists an injective continuous map f : 2 ω → X such that for any Borel set B ⊂ 2 ω we get µ(f (B)) = a · λ(B).
Proof. Fix a decreasing sequence (a n ) n∈ω of real numbers with a = inf n∈ω a n < a 0 = 1.
For a point x ∈ X let τ x be the family of open neighborhoods of x in X. A subset P ⊂ X will be called µ-positive if for any x ∈ P and neighborhood O x ⊂ X of x the set P ∩ O x has positive measure µ(P ∩ O x ).
Observe that for every Borel set B ⊂ X the subset
of B is closed in B, is µ-positive, and has measure µ(P ) = µ(B). By induction we shall construct an increasing number sequence (n k ) k∈ω and a family (X s ) s∈2 <ω of µ-positive compact subsets of X such that for every k ∈ ω and s ∈ 2 n k the following conditions are satisfied:
(1)
2 n k ; (2) the family {X t : t ∈ 2 n k+1 , t|n k = s} is disjoint and consists of µ-positive compact subsets of X s of diameter < 1 2 k ; (3) for any n ∈ ω with n k < n ≤ n k+1 and any t ∈ 2 n we get X t = {X σ : σ ∈ 2 n k+1 , σ|n = t}.
To start the inductive construction put n 0 = 0 and repeating the proof of Lemma 4.4, choose any µ-positive zero-dimensional compact set X ∅ ⊂ X of measure µ(X ∅ ) > a 1 . Assume that for some k ∈ ω the numbers n 0 < n 1 < · · · < n k and families (X s ) s∈2 n i , i ≤ k, satisfying the inductive conditions (1)- (3) have been constructed. The condition (2) implies that for every s ∈ 2 n k the set X s is a subset of the zero-dimensional compact space X ∅ . So, there exists a finite disjoint cover W s of X s by closed-and-open subsets of diameter <
This inequality and the inductive assumption (1) implies that for every s ∈ 2 n k we have
Then for every W ∈ W s we can choose a non-negative integer number
n k+1 be any enumeration of the family s∈2
It is clear that the family (X t ) t∈2 n k+1 satisfies the conditions (1), (2) . For every n ∈ ω with n k < n ≤ n k+1 and any t ∈ 2 n put X t = {X σ : σ ∈ 2 n k+1 , σ|n = t}. This completes the inductive step.
After completing the inductive construction, we obtain a family (X s ) s∈2 <ω of µ-positive compact sets in X satisfying the conditions (1)- (3) . By the condition (2), for every s ∈ 2 ω the intersection n∈ω X s|n contains a unique point x s . So, the map f : 2 ω → X, f : s → x s , is well-defined. By the condition (2) this map is continuous and injective.
Now given any k ∈ ω and s ∈ 2 n k , consider the basic open set
Since each closed-and-open subset of 2 ω is a finite disjoint union of basic open sets U s , s ∈ 2 <ω , we obtain that µ(f (U )) = a · λ(U ) for any closed-and-open set U ⊂ 2 ω . Now the countable additivity of the measures µ and λ implies that µ(f (B)) = a · λ(B) for any Borel subset B ⊂ 2 ω .
Haar-meager sets
In [10] Darji defined a subset A of a Polish group X to be Haar-meager if there are a Borel set B ⊂ X with A ⊂ B, and a continuous function f : K → X defined on a compact metrizable space K such that f −1 (B + x) is meager in K for each x ∈ X. If B is not empty, then the compact space K cannot contain isolated points.
In fact, we can assume that the compact space K in this definition is the Cantor cube.
Proposition 5.1. A Borel set B ⊂ X is Haar-meager if and only if there is a continuous function f :
Proof. The "if" part is trivial. To prove the "only if" part, assume that B is Haar-meager and fix a continuous function h : K → X defined on a compact metrizable space K such that h −1 (B + x) ∈ M in K for every x ∈ X. By [10, Lemma 2.10], there is a surjective continuous function f :
The above proposition shows that Haar-meager sets can be equivalently defined as follows. is meager in K for each x ∈ X.
For a Polish group X by HM (resp. EHM, SHM) we denote the family of subsets of (injectively, strongly) Haar-meager Borel sets in X. It is clear that
The following theorem is proved in [10, Theorems 2.2 and 2.9]. Theorem 5.3 (Darji) . For any Polish group X the family HM is a σ-ideal, contained in M.
The Steinhaus property of the ideals HM was established by Jab lońska [20] . Proof. It is easy to see that A+ A = A and for any compact subset K ⊂ X there is x ∈ X such that K + x ⊂ A. This implies that A / ∈ HN ∪ HM.
The equivalence of the first two items of the following characterization was proved by Darji [10] .
Theorem 5.7. The following conditions are equivalent:
(1) a Polish group X is locally compact,
Proof. The equivalence (1) ⇔ (2) was proved by Darji [10, Theorems 2.2 and 2.4] and (2) ⇒ (3) is trivial. To see that (3) ⇒ (1), assume that X is not locally compact. Then, by Solecki's Theorem [28] , there is a closed set F ⊂ X and a continuous function f : F → 2 ω such that for each a ∈ 2 ω the set f −1 (a) contains a translation of every compact subset of X. Since X is separable, there is a 0 ∈ 2 ω such that f −1 (a 0 ) is nowhere dense and thus it belongs to M \ HM.
The second part of the following problem was posed by Darji [10, Problem 3] .
We recall that a topological space X is totally disconnected if for any distinct points x, y ∈ X there exists a closed-and-open set U ⊂ X such that x ∈ U and y / ∈ U .
Remark 5.9. For any totally disconnected Polish group X we have EHM = SHM.
Proof. It suffices to prove that SHM ⊂ EHM. If B ⊂ X is Borel and strongly Haar-meager, then there is a compact subset K ⊂ X (without isolated points) such that K ∩ (B + x) is meager in K for each x ∈ X. Since X is totally disconnected, K is zero-dimensional and hence is homeomorphic to the Cantor cube 2 ω . So, we can choose a homeomorphism f : 2 ω → K and observe that f −1 (B + x) is meager in 2 ω for each x ∈ X.
Remark 5.10. In Example 6.8 we shall prove that the topological group R ω contains a closed subset F ∈ SHM \ EHM. Problem 5.11 (Darji) . Let X be a (zero-dimensional) Polish group. Is SHM = HM?
For hull-compact Polish groups the answer to Problem 5.11 is affirmative. Definition 5.12. A topological group X is called hull-compact if each compact subset of X is contained in a compact subgroup of X.
Theorem 5.13. Each hull-compact Polish group has HM = SHM.
Proof. Let A be a Borel Haar-meager set in a hull-compact Polish group X. Take a continuous function f : 2 ω → X such that f −1 (A + x) is meager in 2 ω for each x ∈ X. By the hull-compactness of X there is a compact subgroup Y ⊂ X containing the compact set f (2 ω ). We prove that Y ∩ (A + x) is meager in Y for each x ∈ X. Contrary suppose that this is not the case. By Theorem 5.3,
ω , which is a desired contradiction.
We recall that a group X is locally finite if each finite subset of X is contained in a finite subgroup of X.
Example 5.14. The Tychonoff product X = n∈ω X n of infinite locally finite discrete groups X n is Polish, hull-compact, but not locally compact. For this group we have EHM = SHM = HM = M.
Proof. Clearly, X is Polish but not locally compact. To prove that X is hull-compact, fix a compact set K ⊂ X. Then for every n ∈ ω the projection π n (K) of K onto the factor X n is compact. Since the group X n is discrete and locally finite, the compact subset π n (K) of X n is finite and generates a finite subgroup F n of X n . Then F = n∈ω F n is a compact subgroup of X, containing K and witnessing that the topological group X is hull-compact. For the group X we have EHM = SHM = HM = M according to Remark 5.9 and Theorems 5.13 and 5.7.
A universal counterexample
In this section we shall present a construction of a closed subset of the topological group R ω allowing to distinguish many ideals of small sets in R ω . We recall that by K(R ω ) we denote the hyperspace of non-empty compact subsets of R ω endowed with the Vietoris topology. It is well-known that
Theorem 6.1. For any non-empty analytic subspace K ⊂ K(R ω ) there exists a closed set F ⊂ R ω such that
for n, m ∈ ω, where i : ω×ω → N is an injective function, which is increasing with respect to the first coordinate (for example, we can take i(x, y) := 2 x 3 y for (x, y) ∈ ω × ω).
In the following obvious claim we put dist(A, B) = inf{|a − b| : a ∈ A, b ∈ B} for two subsets A, B of the real line. By R + we denote the closed half-line [0, +∞) and R ≤2 = {(x, y) ∈ R 2 : x ≤ y} the closed half-plane. Let also [R] 2 be the family of 2-elements subsets of R, endowed with the Vietoris topology.
Lemma 6.3. For every m ∈ ω there exists a continuous function
Proof. Since the functions are piecewise linear, it suffices to check the inequality for x ∈ {0} ∪ {i(n, m)} n∈ω .
First observe that
For every even n ∈ ω we havē
Finally, for every odd n ∈ ω we havē
If y − x < i(0, m), then the point a m (x, y) ∈ F m (x, y) has the required property
Since the non-empty subspace K of K(R ω ) is analytic, there exists a continuous surjection f :
, we denote the projection of R ω onto the m-th coordinate. For every α ∈ ω ω consider the subsets
We claim that the union F = α∈ω ω A α of the compact sets A α = (K α +D α )∩L α satisfies our requirements. This will be proved in the following three lemmas.
Proof. Fix a sequence (x n ) n∈ω of elements of F convergent to some x ∈ R ω . Since A α 's are pairwise disjoint, we obtain that for each n ∈ ω there exists an exactly one α n ∈ ω ω with x n ∈ A αn . We claim that the sequence (α n ) n∈ω is convergent in ω ω . The convergence of the sequence (x n ) n∈ω implies that for any i ∈ ω there exists n ∈ ω such that |x n (i) − x m (i)| < 2 for any m ≥ n. We claim that α m (i) = α n (i) for any m ≥ n. Assuming that α m (i) = α n (i) for some m ≥ n and taking into account that
which contradicts the choice of n. This contradiction shows that α m (i) = α n (i) for all m ≥ n and hence the sequence (α m (i)) m∈ω converges in ω. Then the sequence (α m ) m∈ω converges in ω ω to some element α ∈ ω ω . Given any i ∈ ω, find n ∈ ω such that α m (i) = α(i) for all m ≥ n and conclude that
The continuity of the function f :
Proof. We can assume that the intersection
is not empty (otherwise it is contained in any set
Claim 6.2 implies that there exists a unique α ∈ ω ω such that (
and we can find a point d ∈ D α such that the intersection (
is not empty and hence contains some point z. We claim that for any point
To derive a contradiction, assume that (
is not empty and hence contains some point
We shall apply Theorem 6.1 to produce the following example promised in Remark 5.10.
Example 6.8. The topological group R ω contains a closed subset F ∈ SHM \ EHM.
Proof. In the hyperspace K(R ω ) consider the subspace K 0 consisting of topological copies of the Cantor set (i.e., zero-dimensional compact subsets of R ω without isolated points). By Lemma 2.2, the set E(2 ω , R ω ) of injective maps is Polish (being a G δ -set of the Polish space C(2 ω , R ω )). Then the space K 0 is analytic, being the image of the Polish space E(2 ω , R ω ) under the continuous map rng :
. By Theorem 6.1, the topological group R ω contains a closed subset F such that
The last condition witnesses that F ∈ SHM and the first condition that F / ∈ EHM.
Closed Haar-meager and Haar-null sets
In this section we give a combinatorial characterization of closed Haar-meager sets in Polish groups.
• prethick if for any compact subset K ⊂ X there is a finite set F ⊂ X such that K ⊂ F + A;
• finitely thick if for any finite subset F ⊂ X there is x ∈ X such that F ⊂ x + A;
• openly thick if there exists a non-empty open set W ⊂ X such that for any finite family U of non-empty open subsets of W there exists x ∈ X such that A + x intersects each set U ∈ U.
For any subset of a topological group we have the implications:
openly thick ⇐ finitely thick ⇐ thick ⇒ prethick ⇒ neither Haar-null nor Haar-meager.
Theorem 7.2. For a closed subset A of a Polish group X the following conditions are equivalent:
(1) A is Haar-meager in X; (2) A is strongly Haar-meager in X; (3) A is not prethick.
Proof. The implication (2) ⇒ (1) is trivial. To see that (1) ⇒ (3), assume that A is Haar-meager and find a continuous map f : K → X defined on a compact metrizable space K such that for every x ∈ X the preimage f −1 (x + A) is meager in K. Then for every finite subset F ⊂ X the preimage f −1 (F + A) = x∈F f −1 (x + A) is meager in K, which implies that the compact subset f (K) of X is not contained in the set F + A and hence witnesses that A is not prethick.
To prove that (3) ⇒ (2) we prove that the negation of (2) implies that A is prethick. So, fix a compact set K ⊂ X. Let ρ be a complete metric generating the topology of the Polish group X. For every n ∈ ω choose a finite cover C n of K by non-empty closed subsets of K of diameter ≤ 2 −n . In each set C ∈ C n pick up a point p C . For every n ∈ ω consider the compact set σ n = m≥n C∈Cm (C − p C ) and observe that the sequence (σ n ) n∈ω converges to the neutral element θ of X in the sense that each neighborhood U ⊂ X of θ contains all but finitely many sets σ n , n ∈ ω. By induction we shall construct a sequence (Σ n ) n∈ω of non-empty compact sets in K satisfying the following conditions for every n ∈ ω:
any relatively open set U ⊂ Σ n+1 meeting Σ n contains the set x + σ l for some x ∈ Σ n and some l ∈ ω.
We start the inductive construction letting Σ −1 = ∅ and Σ 0 = {θ}. Assume that for some n ∈ ω the set Σ n has been constructed. Fix a countable dense set {x m } m∈ω in Σ n . For every m ∈ ω find a number l(m) ∈ ω such that x m + σ l(m) ⊂ B(x m ; 2 −n−m ). Such number l(m) exists since the sequence (σ l ) l∈ω converges to θ.
) is compact and satisfies the conditions (i) and (ii).
After completing the inductive construction, consider the closure Σ of the union Σ = n∈ω Σ n . The condition (i) ensures that the set Σ is totally bounded in the complete metric space X and hence Σ is compact. By the negation of (2), there exists x ∈ X such that the set Σ ∩ (x + A) is not nowhere dense in Σ and hence contains a non-empty open subset V of Σ. Choose n ∈ ω such that V ∩ Σ n = ∅. Applying the inductive condition (ii) to the relatively open set U = V ∩ Σ n+1 , we can find z ∈ Σ n and l ∈ ω such that z
Remark 7.3. Theorem 7.2 implies that for any Polish group the semi-ideal ↓SHM = ↓HM is an ideal.
The proof of Theorem 17 in the paper by Doležal and Vlasǎk [14] yields the following fact. The following proposition shows that Theorem 7.4 cannot be reversed.
Proposition 7.5. Each non-compact Polish group X contains a closed discrete openly thick set A. If the group X is uncountable, then A is Haar-null and injectively Haar-meager.
Proof. Fix a complete invariant metric ρ generating the topology of the Polish group X. Taking into account that X is not compact, we conclude that the complete metric space (X, ρ) is not totally bounded. So, there exists ε > 0 such that for any finite subset
Let D be a countable dense subset of X. Let {D n } n∈ω be an enumeration of all non-empty finite subsets of
The choice of the points x n , n ∈ ω, ensures that the set A = n∈ω (D n + x n ) is closed and discrete. To prove that the set A is openly thick in X, it suffices to show that for any finite family U of non-empty open sets in X there exists x ∈ X such that the set x + A intersects each set U ∈ U. Given a finite family U of non-empty open sets in X, choose a finite subset F ⊂ D intersecting each set U ∈ U. Next, find a number n ∈ ω such that F = D n and observe that the set A − x n ⊃ D n = F intersects each set U ∈ U.
If the Polish group X is uncountable, then it contains a subset C ⊂ X, homeomorphic to the Cantor cube. Observe that for every x ∈ X the intersection C ∩ (A + x) is finite (being a closed discrete subspace of the compact space C). This implies that A is Haar-null and injectively Haar-meager. Proposition 7.6. Each closed Haar-null subset of a Polish group X is injectively Haar-meager. This yields the inclusions HN ⊂ EHM and σHN ⊂ σEHM ⊂ σHM.
Proof. Let A be a closed Haar-null set in X. By Lemma 4.4, there exists µ ∈ P(X) with supp (µ) homeomorphic to the Cantor set. Since µ(U ) > 0 for every open set U ⊂ supp (µ), the set (A + x) ∩ supp (µ) is closed and has empty interior in supp (µ) for any x ∈ X. But this shows that the set A is injectively Haar-meager with any homeomorphism h : 2 ω → supp (µ) witnessing this fact.
Proposition 7.7. Each non-locally compact Polish group X contains a closed thick set A and a thick G δ -set B such that the sum A + B has empty interior in X.
Proof. By [24] , each non-locally compact Polish group X contains two closed thick sets A, C such that for every x ∈ X the intersection C ∩ (x − A) is compact. Fix a countable dense set D ⊂ X and consider the σ-compact set S = x∈D C ∩ (x − A). By Lemma 7.8, the G δ -set B = C \ S is thick in X. On the other hand, the sum B + A is disjoint with D and hence A + B = B + A has empty interior.
Lemma 7.8. For any thick set A in a non-locally compact Polish group X and any σ-compact set S ⊂ X the complement A \ S is thick.
Proof. Given a compact set K ⊂ X, we need to find an element x ∈ X such that x + K ⊂ A \ S. Let H be the subgroup of X generated by the σ-compact set S ∪ K. Since the Polish group X is not locally compact, the σ-compact subgroup H is meager in X. Take any point z ∈ X \ H. Since the set A is thick, there exists
In the following example by Z we denote the group of integer numbers endowed with the discrete topology.
Example 7.9. The Polish group Z ω contains a meager Borel subgroup H, which does not belong to the ideal σHM in Z ω . Consequently, the σ-ideals σHM and σHN on Z ω does not have the weak Steinhaus property.
Proof. The Borel group H will be defined as the group hull of some special G δ -set P ⊂ Z ω . In the construction of this set P we shall use the following elementary lemma.
Lemma 7.10. There exists an infinite family T of thick subsets of Z and an increasing number sequence (Ξ m ) m∈ω such that for any positive numbers n ≤ m, non-zero integer numbers λ 1 , . . . , λ n ∈ [−m, m], pairwise distinct sets T 1 , . . . , T n ∈ T and points
Proof. For every m ∈ ω let ξ m ∈ ω be the smallest number such that 2
and put Ξ m = 2 2 ξm + ξ m . Choose an infinite family A of pairwise disjoint infinite subsets of N and for every A ∈ A consider the thick subset
Here by [a, b] we denote the segment {a, . . . , b} of integers. Taking into account that the families ([2
and A are disjoint, we conclude that so is the family (T A ) A∈A . We claim that the disjoint family T = {T A } A∈A and the sequence (Ξ m ) m∈ω have the required property.
Take any positive numbers n ≤ m, non-zero integer numbers λ 1 , . . . , λ n ∈ [−m, m], pairwise distinct sets T 1 , . . . , T n ∈ T and points
Since the family A is disjoint and the sets T 1 , . . . , T n are pairwise distinct, the points a 1 , . . . , a n are pairwise distinct, too. Let j be the unique number such that a j = max{a i : 
Now we are ready to start the construction of the G δ -set P ⊂ Z ω . This construction will be done by induction on the tree ω <ω = n∈ω ω n consisting of finite sequences s = (s 0 , . . . , s n−1 ) ∈ ω n of finite ordinals. For a sequence s = (s 0 , . . . , s n−1 ) ∈ ω n and a number m ∈ ω by sˆm = (s 0 , . . . , s n−1 , m) ∈ ω n+1 we denote the concatenation of s and m.
For an infinite sequence s = (s n ) n∈ω ∈ Z ω and a natural number l ∈ ω let s|l = (s 0 , . . . , s l−1 ) be the restriction of the function s : ω → Z to the subset l = {0, . . . , l − 1}. Observe that the topology of the Polish group Z ω is generated by the ultrametric
Observe also that for every z ∈ Z ω and n ∈ ω the set U (z|n) = {x ∈ Z ω : x|n = z|n} coincides with the closed ballB(z; 2 −n ) = {x ∈ Z ω : ρ(x, z) ≤ 2 −n } centered at z. Using Lemma 7.10, choose a number sequence (Ξ m ) m∈ω and a sequence (T s ) s∈ω <ω of thick sets in the discrete group Z such that for every positive integer numbers n ≤ m, finite set F ⊂ ω <ω of cardinality |F | ≤ n, function λ :
For every s ∈ ω <ω and n ∈ ω choose any point t s,n ∈ T s \ [−n, n] and observe that the set
By induction on the tree ω <ω we shall construct a sequence (z s ) s∈ω <ω of points of Z ω and a sequence (l s ) s∈ω <ω of finite ordinals satisfying the following conditions for every s ∈ ω <ω :
(1 s ) U (z sˆi |l sˆi ) ∩ U (z sˆj |l sˆj ) = ∅ for any distinct numbers i, j ∈ ω; (2 s ) l sˆi > l s + i for every i ∈ ω; (3 s ) the closure of the set {z sˆi } i∈ω contains the prethick set T s = {z s |l s } × n≥ls T s,n and is contained in the setT
We start the inductive construction letting z 0 = 0 and l 0 = 0. Assume that for some s ∈ ω <ω a point z s ∈ Z ω and a number l s ∈ ω have been constructed. Consider the prethick sets T s andT s defined in the conditions (2 s ) and (3 s ). Since T s is nowhere dense inT s , we can find a sequence (z sˆi ) i∈ω of pairwise distinct points of T s such that the space D s = {z sˆi } i∈ω is discrete and contains T s in its closure. Since D s is discrete, for every i ∈ ω we can choose a number l sˆi > l s + i such that the open sets U (z sˆi |l sˆi ), i ∈ ω, are pairwise disjoint.
Observing that the sequences (z sˆi ) i∈ω and (l sˆi ) i∈ω satisfy the conditions (1 s )-(3 s ), we complete the inductive step.
We claim that the G δ -subset P = n∈ω s∈ω n U (z s |l s ) = s∈ω ω n∈ω U (z s|n |l s|n ) of Z ω has required properties. First observe that the map h : ω ω → P assigning to each infinite sequence s ∈ ω ω the unique point z s of the intersection n∈ω U (z s|n |l s|n ) is a homeomorphism of ω ω onto P . Then the inverse map h −1 : P → ω ω is a homeomorphism too.
Proof. Given any non-empty open set U ⊂ P , pick any point p ∈ U and find a unique infinite sequence t ∈ ω ω such that {p} = m∈ω U (z t|m |l t|m ). Since the family {U (z t|m |l t|m )} m∈ω is a neighborhood base at p, there is m ∈ ω such that U (z t|m , l t|m ) ⊂ U . Consider the finite sequence s = t|m. By the definition of P , for every i ∈ ω the intersection P ∩ U (z sˆi |l sˆi ) contains some point y sˆi . Taking into account that
and T s is contained in the closure of the set {z sˆi } i∈ω , we conclude that the prethick set T s is contained in the closure of the set {y sˆi } i∈ω ⊂ P ∩ U (z s |l s ) ⊂ U , which implies that U is prethick.
Claim 7.12. The subgroup H ⊂ Z ω generated by P cannot be covered by countably many closed Haar-meager sets in Z ω .
Proof. To derive a contradiction, assume that H ⊂ n∈ω H n where each set H n is closed and Haar-meager in Z ω . Since the Polish space P = n∈ω P ∩ H n is Baire, for some n ∈ ω the set P ∩ H n contains a non-empty open subset U of P . Taking into account that closure U n ⊂ H n is prethick in Z ω , we conclude that the set H n is prethick and not Haar-meager (according to Theorem 7.2).
It remains to prove that the subgroup H ⊂ Z ω generated by the G δ -set P is Borel and meager in Z ω . We recall that by h : ω ω → P we denote the homeomorphism assigning to each infinite sequence s ∈ ω ω the unique point z s of the intersection m∈ω U (z s|m |l s|m ).
For every finite subset F ⊂ ω <ω let l F := max s∈F l s . For a finite subset E ⊂ ω ω let r E ∈ ω be the smallest number such that the restriction map E → ω rE , s → s|r E , is injective. Let l E := max{l s|rE : s ∈ E}. Taking into account that l s|m ≥ m for every s ∈ ω ω and m ∈ ω, we conclude that l E ≥ r E .
Claim 7.13. For every m ∈ N, non-empty finite set E ⊂ ω ω of cardinality |E| ≤ m and function λ :
, to the k-th coordinate. The claim will be proved as soon as we check that the element y = s∈E λ(s) · z s has non-zero projection pr k (y). Observe that pr k (y) = s∈F λ(s) · pr k (z s ). For every s ∈ F the equality {z s } = m∈ω U (z s|m |l s|m ) implies that pr k (z s ) = pr k (z s|m ) for any m ∈ ω such that l s|m > k.
Taking into account that k > l E = max s∈E l s|rE , for every s ∈ E we can find a number m s ≥ r E such that k ∈ [l s|ms , l s|(ms+1) ). Then
by the condition (3 s|ms ) of the inductive construction.
It follows from r E ≤ min s∈F m s that the sequences s|m s , s ∈ E, are pairwise distinct. Then pr k (y) = s∈E λ(s)pr k (z s ) = 0 by the choice of the family (T s ) s∈ω <ω . For every n ∈ ω and a finite sequence s ∈ ω n consider the basic closed-and-open subset V s = {v ∈ ω ω : v|n = s} in ω ω and observe that h(V s ) = P ∩ U (z s |l s ). For any non-empty finite set F ⊂ ω n put
Given any function λ : F → Z \ {0} we shall prove that the function
is injective. Let λ = max s∈F |λ(s)|.
Claim 7.14. The function Σ λ : V F → H is injective.
Proof. Choose any distinct sequences u, v ∈ V F and consider the non-empty finite set D := {s ∈ F : u(s) = v(s)} and the finite set E = {u(s)} s∈D ∪ {v(s)} s∈D ⊂ ω ω . Put m = max{|E|, λ } and k = 1 + max{l E , Ξ m }. Claim 7.13 guarantees that the element
has y(k) = 0, which implies that y = 0 and Σ λ (u) = Σ λ (v). Claim 7.13 implies
Proof. By Lusin-Suslin Theorem [21, 15 .1], the image Σ λ (V F ) of the Polish space V F under the continuous injective map Σ λ : V F → Z ω is a Borel subset of Z ω . By Claim 7.13, the set Σ λ (V F ) is contained in the meager subset {y ∈ Z ω : ∃n ∀m ≥ n y(m) = 0} and hence is meager in Z ω .
Denote by [ω <ω ] <ω the family of finite subsets of ω <ω and let Z * = Z \ {0}. For the empty set F = ∅ and the unique map λ ∈ (Z * ) F we put Σ λ (V F ) = {0}. Claim 7.15 and the obvious equality
imply that the subgroup H is Borel and is contained in the meager subset
Problem 7.16. What is the Borel complexity of the subgroup H in Example 7.9.
Remark 7.17. Example 7.9 shows that Corollary 3.7 does not extend to arbitrary Polish groups.
Haar-thin sets in topological groups
In this section we introduce thin sets in the Cantor cube, define a new notion of a Haar-thin set in a topological group, and prove that for any Polish group the semi-ideal of Haar-thin sets has the Steinhaus property.
Definition 8.1. A subset T of the Cantor cube 2
ω is called thin if for every number n ∈ ω the restriction pr|T of the projection pr : 2 ω → 2 ω\{n} , pr : x → x|ω \ {n}, is injective.
The family of thin subsets of 2 ω is a semi-ideal containing all singletons, however it is not an ideal as it does not contain all two element sets. Proof. Identify the Cantor cube 2 ω with the countable power C ω 2 of the two-element cyclic group. For every n ∈ ω let z n ∈ 2 ω be the characteristic function of the singleton {n} (i.e., the unique function such that z −1 n (1) = {n}). Observe that the sequence (z n ) n∈ω converges to the neutral element of the group 2 ω . Let T be a Borel thin subset of 2 ω . Definition 8.1 implies that the set T − T = {x − y : x, y ∈ T } is disjoint with the set {z n : n ∈ ω} and hence is not a neighborhood of zero in the topological group 2 ω . By the Steinhaus and Piccard-Pettis Theorems 3.3 and 3.4, the Borel set T is meager and has Haar measure zero in 2 ω .
Definition 8.4.
A subset A of a topological group X is called (injectively) Haar-thin if there exists an (injective) continuous map f : 2 ω → X such that for every x ∈ X the preimage f −1 (A + x) is thin in 2 ω .
For a topological group X by HT (resp. EHT ) we denote the semi-ideal consisting of subsets of Borel (injectively) Haar-thin sets in X. The equality HT = EHT is proved in the following characterization of (injectively) Haar-thin sets.
Theorem 8.6. For a subset A of a Polish group X the following conditions are equivalent:
(1) A is Haar-thin; (2) A is injectively Haar-thin; (3) A − A is not a neighborhood of zero in X.
Proof. We shall prove the implications (1) ⇒ (3) ⇒ (2) ⇒ (1).
(1) ⇒ (3) Assume that the set A is Haar-thin in X. Then there exists a continuous map f : 2 ω → X such that for every x ∈ X the set f −1 (A + x) is thin in 2 ω . To derive a contradiction, assume that A − A is a neighborhood of zero in X. For every n ∈ ω consider the characteristic function z n ∈ 2 ω of the singleton {n} (which means that z −1 n (1) = {n}) and observe that the sequence (z n ) n∈ω converges to the zero function
is not thin in 2 ω . But this contradicts the choice of f .
(3) ⇒ (2) Assuming that A−A is not a neighborhood of zero in X, we shall prove that the set A is injectively Haar-thin in X.
Fix a complete metric ρ generating the topology of the Polish group X and for every x ∈ X put x = ρ(x, θ). By induction choose a sequence (x n ) n∈ω of points x n ∈ X \ (A − A) such that x n+1 < 1 2 x n for every n ∈ ω. The latter condition implies that the map
is well-defined, continuous and injective. We claim that for every x ∈ X the set T = Σ −1 (A + x) is thin. Assuming that T is not thin, we could find a number n ∈ ω and two points a, b ∈ T such that a(n) = 0, b(n) = 1 and a|ω \ {n} = b|ω \ {n}. Then
which contradicts the choice of x n .
The implication (2) ⇒ (1) is trivial. 9. Null-finite, Haar-finite, and Haar-countable sets
In this chapter we introduce and study five new notions of smallness. In the following definition we endow the ordinal ω+1 with the order topology, turning ω+1 into a compact metrizable space with a unique non-isolated point.
Definition 9.1. A subset A of a Polish group X is called
• Haar-finite if there exists a continuous function f : 2 ω → X such that for every x ∈ X the set f −1 (x+A) is finite;
• Haar-countable if there exists a continuous function f : 2 ω → X such that for every x ∈ X the set f −1 (x + A) is countable;
• Haar-n for n ∈ N if there exists a continuous function f : 2 ω → X such that for every x ∈ X the set f −1 (x + A) has cardinality at most n; • null-finite if there exists a continuous function f : ω+1 → X such that for every x ∈ X the set f −1 (x + A) is finite; • null-n for n ∈ N if there exists a continuous function f : ω+1 → X such that for every x ∈ X the preimage f −1 (x + A) has cardinality at most n.
Null-finite sets were introduced and studied in [3] , Haar-finite and Haar-n sets in the real line were explored by Kwela [22] .
A sequence (x n ) n∈ω in a topological group X is called a null-sequence if it converges to the neutral element of X. The following characterization of null-finite and null-n sets (proved in [3, Proposition 2.2]) justifies the choice of terminology. Proposition 9.2. A subset A of a topological group X is null-finite (resp. null-n for some n ∈ N) if and only if X contains a null-sequence (z k ) k∈ω such that for every x ∈ X the set {k ∈ ω : z k ∈ x + A} is finite (resp. has cardinality at most n).
For any
Haar-null and injectively Haar-meager.
Haar-thin Proof. By Theorems 6.1 and 5.1 in [3] , each Borel null-finite subset of X is Haar-null and Haar-meager. By a suitable modification of the proof of Theorem 5.1 in [3] , we shall prove that each null-finite Borel set in X is injectively Haar-meager. By Proposition 9.2, the Polish group X contains a null-sequence (z n ) n∈ω such that for any x ∈ X the set {n ∈ ω : z n ∈ x + A} is finite. Fix a complete invariant metric ρ generating the topology of the Polish group X and put x = ρ(x, θ) for every x ∈ X.
Replacing (z n ) n∈ω by a suitable subsequence, we can assume that
for every n ∈ ω. Fix a sequence (Ω n ) n∈ω of pairwise disjoint infinite subsets of ω such that Ω n ⊂ [n, ∞) for all n ∈ ω. For every n ∈ ω consider the compact set S k := {θ} ∪ {z n } n∈Ω k ⊂ X. The choice of the sequence (z n ) n∈ω ensures that the function Σ :
is well-defined and continuous. Repeating the argument from the proof of Theorem 5.1 [3] , we can show that for every x ∈ X the set Σ −1 (x + A) is meager in n∈ω S n . We claim that the function Σ is injective. Given two distinct sequences (x i ) i∈ω and (y i ) i∈ω in i∈ω S i , we should prove that i∈ω x i = i∈ω y i . For every i ∈ ω find numbers n i , m i ∈ Ω i such that x i = z ni and y i = z mi . Let Λ = {i ∈ ω : n i = m i } and observe that k∈ω x k = k∈ω y k if and only if i∈Λ z ni = i∈Λ z mi . It follows that the sets {n i : i ∈ Λ} and {m i : i ∈ Λ} are disjoint. Let s be the smallest element of the set {n i : i ∈ Λ} ∪ {m i : i ∈ Λ}. Without loss of generality, we can assume that s = n k for some k ∈ Λ. Then
which implies i∈Λ z ni = i∈Λ z mi and n∈ω x n = n∈ω y n .
The product n∈ω S n is homeomorphic to the Cantor cube 2 ω (being a zero-dimensional compact metrizable space without isolated points). Then the injective continuous function Σ : n∈ω S n → X witnesses that the set A is injectively Haar-meager and hence A ∈ EHM. Proposition 9.4. If a subset A of a topological group X is null-1, then A − A is not a neighborhood of zero and hence A is Haar-thin in X.
Proof. To derive a contradiction, assume that A − A is a neighborhood of zero in X. Since A is null-1, there exists an infinite compact subset K ⊂ X such that |K ∩ (A + x)| ≤ 1 for every x ∈ X. Choose any non-isolated point x of the compact space K. Since O x := x + (A − A) is a neighborhood of x, we can choose a point y ∈ K ∩ O x \ {x} and conclude that y − x = b − a for some a, b ∈ A. Then {x, y} ⊂ K ∩ (A − a + x) and hence |K ∩ (A − a + x)| ≥ 2, which contradicts the choice of the compact set K.
This contradiction shows that A − A is not a neighborhood of zero. By Theorem 8.6, the set A is Haar-thin in X.
Moreover, for the semi-ideals of null-finite and null-1 sets we have the following Steinhaus-like property (cf.
]).
Theorem 9.5. Let A be a subset of a topological group X.
(1) If A is not null-finite, then A −Ā is a neighborhood of zero in X.
(2) If X is first-countable and A is not null-1, then each neighborhood U ⊂ X of zero contains a finite set F ⊂ X such that F + (A − A) is a neighborhood of zero.
Proof. 1. Assuming that A is not null-finite, we shall show that A −Ā is a neighborhood of zero. In the opposite case, we could find a null-sequence (x n ) n∈ω contained in X \ (A −Ā). Since A is not null-finite, there exists a ∈ X such that the set Ω = {n ∈ ω : a + x n ∈ A} is infinite. Then a ∈ {a + x n } n∈Ω ⊂Ā and hence x n = (a + x n ) − a ∈ A −Ā for all n ∈ Ω, which contradicts the choice of the sequence (x n ) n∈ω . 2. Assume that X is first-countable and A is not null-1. Fix a decreasing neighborhood base (U n ) n∈ω at zero in X such that U 0 ⊂ U . For the proof by contradiction, suppose that for any finite set F ⊂ U the set F +(A−A) is not a neighborhood of zero. Then we can inductively construct a null-sequence (x n ) n∈ω such that x n ∈ U n \ 0≤i<n (x i + A − A) for all n ∈ ω. Observe that for each z ∈ X the set {n ∈ ω : z + x n ∈ A} contains at most one point. Indeed, in the opposite case we could find two numbers k < n with z + x k , z + x n ∈ A and conclude that z ∈ −x k + A and hence x n ∈ −z + A ⊂ x k − A + A, which contradicts the choice of the number x n . The sequence (x n ) n∈ω witnesses that the set A is null-1 in X, which is a desired contradiction. Proof. In the hyperspace K(R ω ) consider the closed subset
By Theorem 6.1, there exists a closed subset F ⊂ R ω such that
To see that F is Haar-2, take any injective continuous map f : 2 ω → [0, 1] ω ⊂ R ω and observe that the condition (2) ensures that for any x ∈ R ω the intersection f (2
has cardinality ≤ 2. By the injectivity of f , the preimage f −1 (F + x) also has cardinality ≤ 2, witnessing that F is Haar-2. Next, we show that the set F is not Haar-thin. To derive a contradiction, assume that F is Haar-thin and find a continuous map g : 2 ω → R ω such that for every x ∈ R ω the preimage g −1 (F + x) is thin in 2 ω . Choose any doubleton D ⊂ 2 ω , which is not thin and consider the set K = g(D) ∈ K. By the condition (1), there
is not thin, which contradicts the choice of the function g. is Haar-2 but not Haar-thin.
Example 9.11. The Polish group R ω contains a closed subset F , which is null-1 but not Haar-countable.
Proof. Fix any sequence (z n ) n∈ω of pairwise distinct points of the set (0, 1] ω ⊂ R ω that converges to the point z ω = θ ∈ R ω . In the hyperspace K(R ω ) consider the G δ -subset
where n, m ∈ ω ∪ {ω}. By Theorem 6.1, there exists a closed subset F ⊂ R ω such that
We claim that the infinite compact set S = {θ} ∪ {z n } n∈ω witnesses that the set F is null-1. Assuming the opposite, we could find x ∈ R ω such that (x + S) ∩ F contains two distinct points x + z n and x + z m with n, m ∈ ω ∪ {ω}. By the condition (2), the intersection (
, which contradicts K ∈ K. This contradiction shows that the set F is null-1. Now we show that F is not Haar-countable. Assuming that F is Haar-countable, we can find a continuous map f : 2 ω → R ω such that for every x ∈ R ω the set f −1 (x + F ) is at most countable. It follows that for any y ∈ R ω the preimage f −1 (y) is at most countable, which implies that the compact set C = f (2 ω ) has no isolated points.
Observe that for any distinct ordinals n, m ∈ ω ∪ {ω} the set
is open and dense in the hyperspace K(C) of the compact space C. Then the intersection U = n =m U n,m is a dense G δ -set in K(C) and hence U contains an uncountable set K ∈ U. By definition, the set K belongs to the family K and by the condition (1), x + K ⊂ F for some x ∈ R ω . Then f −1 (F − x) ⊃ f −1 (K) is uncountable, which contradicts the choice of f . Problem 9.12. Let A be a null-finite compact subset of a Polish group X. Is A Haar-countable (Haar-finite)? Remark 9.13. By Example 14.4, there exists compact Polish group X containing a Haar-thin null-finite G δ -subset B ⊂ X such that B is not Haar-countable and not null-n for every n ∈ N. Remark 9.14. In [22] Kwela constructed two Haar-finite compact subsets A, B ⊂ R whose union A ∪ B is not null-finite in the real line. Kwela also constructed an example of a compact subset of the real line, which is Haar-finite but not Haar-n for every n ∈ N.
Haar-I sets in topological groups
In this section we introduce the notion of a Haar-I set which generalizes the notions of small sets, considered in the preceding sections.
Definition 10.1. Let I be a family of subsets of some non-empty compact topological space K = I. A subset A of a topological group X is called (injectively) Haar-I if there exists an (injective) continuous map f : K → X such that f −1 (A + x) ∈ I for all x ∈ X.
For a Polish group X by HI (resp. EHI) we denote the semi-ideal consisting of subsets of (injectively) Haar-I Borel sets in X. Definition 10.1 implies the following simple but important fact. Proposition 10.2. Let I be a semi-ideal on a compact space K. For any Polish group X the semi-ideals HI and EHI are invariant.
Theorem 10.3. Let I be a proper semi-ideal on a compact space K. For any non-locally compact Polish group X the semi-ideal HI does not have the strong Steinhaus property.
Proof. By Proposition 7.7, the group X contains two Borel thick sets A, B ⊂ X whose sum A + B has empty interior. We claim that A, B / ∈ HI. Indeed, since A is thick, for any continuous map f : K → X there is a point x ∈ X such that x + f (K) ⊂ A. Then f −1 (A − x) = K / ∈ I and hence A is not Haar-I. By the same reason the set B is not Haar-I in X.
On the other hand, we have the following corollary of Theorem 8.6. ≤n for the family [ω+1] ≤n of subsets of cardinality ≤ n in the ordinal ω + 1.
In many cases closed Haar-I sets in Polish groups are Haar-meager. Theorem 10.6. Let I be a proper ideal on a compact topological space K. Any closed Haar-I set A in a Polish group X is (strongly) Haar-meager, which yields the inclusions HI ⊂ HM and σHI ⊂ σHM.
Proof. Given a closed Haar-I set A ⊂ X, find a continuous map f :
Fix a complete invariant metric ρ generating the topology of the Polish group X. For every n ∈ ω let U n be the cover of K by open subsets U ⊂ K such that diam f (U ) < 1 2 n . By the compactness of K, the cover U n has a finite subcover U ′ n . Since U ′ n = K / ∈ I, there exists a set U n ∈ U ′ n such that U n / ∈ I. Then the closure K n of U n in K does not belong to the ideal I and its image has diam f (K n ) ≤ 1 2 n . Choose any point y n ∈ f (K n ). It follows that the map g :
is well-defined and continuous. We claim that for every x ∈ X the preimage g −1 (A + x) is meager in n∈ω K n . Assuming that for some x ∈ X the closed set g −1 (A + x) is not meager in n∈ω K n , we would conclude that g −1 (A + x) has non-empty interior W , which contains some point (w n ) n∈ω . Then for some number m ∈ ω we have the inclusion {(
and hence I ∋ K m ⊂ f −1 (A + x + y m − y), which contradicts the choice of the map f . This contradiction shows that for every x ∈ X the preimage g −1 (A + x) is meager in K, witnessing that the set A is Haar-meager. By Theorem 7.2, the closed Haar-meager set A is strongly Haar-meager. 
Observe that the map ϕ is injective if so is the map f . We claim that the map ϕ witnesses that the set B = h −1 (A) is (injectively) Haar-I in X. Since h is a homomorphism, for any x ∈ X we have B + x = h −1 (A + y) where y = h(x). Then
The analog of the above theorem for images through homomorphisms does not holds, as shows the following easy example.
Example 10.8. Let X := R 2 and denote by π : R 2 → R the projection onto first coordinate. Then π is a continuous surjective homomorphism and the set A := R × {0} is Haar-1, but its image is not Haar-I for any proper semi-ideal I on a compact topological space K.
Being Haar-small set is preserved under taking products:
Remark 10.9. Let I be a semi-ideal on a compact space K. For any Polish groups X, Y and (injectively) Haar-I set A ⊂ X the set A × Y is (injectively) Haar-I in a Polish group X × Y .
It looks like the ideals I on the Cantor space 2 ω plays critical role for whole theory of Haar-I sets. In such setting we provide another proposition for σ-ideals. Proof. The union W of all open sets in the ideal I belongs to the σ-ideal I by the Lindelöf property of W . Since I is a proper ideal, W = 2 ω . Moreover, the compact subset 2 ω \ W does not contain isolated points due to I = 2 ω , hence there exists homeomorphism h : 2 ω → 2 ω \ W . Obviously J := {A ⊂ 2 ω : h(A) ∈ I} has all required properties.
Next, we evaluate the Borel complexity of closed Haar-I sets in the space F (X) of all closed subsets of a Polish group X, endowed with the Fell topology.
A subset D ⊂ ω ω is called dominating if for any x ∈ ω ω there exists y ∈ D such that x ≤ * y (which means that x(n) ≤ y(n) for all but finitely many numbers n ∈ ω).
In each non-locally compact Polish group, Solecki [29] constructed a closed subset F admitting an open perfect map f : F → ω ω possessing the following properties.
Theorem 10.11. For any non-locally compact Polish group X there exists a closed set F ⊂ X and an open perfect surjective map f : F → ω ω having the following properties.
(1) For any non-dominating set H ⊂ ω ω the preimage f −1 (H) is openly Haar-null in X. (2) For any compact set K ⊂ X there is x ∈ X such that x + K ⊂ f −1 (y) for some y ∈ ω ω . (3) For any x, y ∈ ω ω with x ≤ * y there exists a countable set C ⊂ X such that f −1 (x) ⊂ C + f −1 (y). (4) For any dominating set D ⊂ ω ω the preimage f −1 (D) is not Haar-I for any proper σ-ideal I on a compact topological space K.
Proof. The properties (1)-(3) were established by Solecki [29, p.208] . To see that (4) also holds, take any dominating set D ⊂ ω ω and assume that the preimage A := f −1 (D) is Haar-I for some proper σ-ideal I on a compact topological space K. Then we can find a continuous map ϕ : K → X such that ϕ −1 (A + x) ∈ I for all x ∈ X. By the property (2), for the compact subset ϕ(K) of X there exist x ∈ X such that ϕ(K) ⊂ x + f −1 (y) for some y ∈ ω ω . The set D, being dominating, contains an element z ∈ D such that y ≤ * z. Now the property (3) yields a countable set C ⊂ X such that f −1 (y) ⊂ C + f −1 (z). Then
and K = c∈C ϕ −1 (x+c+A) ∈ I as I is a σ-ideal. This means that the ideal I is not proper, which contradicts our assumption.
By CD and CND we denote the subsets of F (ω ω ) consisting of closed dominating and closed non-dominating subsets of ω ω , respectively. Let Γ be a class metrizable separable spaces. A subset H of a standard Borel space X is called Γ-hard in X if for any Polish space P and a subspace G ∈ Γ in P there exists a Borel map f : P → X such that f −1 (H) = G. We recall that Σ 
Fubini ideals
In this section we give conditions on an ideal I of subsets of a topological space K under which for every Polish group X the semi-ideal HI is an ideal or a σ-ideal.
Let K be a topological space. Let n ≤ ω be a non-zero countable cardinal and i ∈ n. For every a ∈ K n\{i} , consider the embedding e a : K → K n assigning to each x ∈ K the function y : n → K such that y(i) = x and y|n \ {i} = a.
Each family I of subsets of the space K induces the family
Definition 11.1. A family I of subsets of the space K is defined to be n-Fubini for n ∈ N ∪ {ω} if there exists a continuous map h : K → K n such that for any i ∈ n and any Borel set B ∈ I n i the preimage h −1 (B) belongs to the family I.
We shall say that a family I of subsets of the space K is Fubini if it satisfies the equivalent conditions of the following theorem.
Theorem 11.2. For any family I of subsets of a topological space K the following conditions are equivalent:
(1) I is n-Fubini for every n with 2 ≤ n ≤ ω; (2) I is n-Fubini for some n with 2 ≤ n ≤ ω; (3) I is 2-Fubini.
Proof. The implication (1) ⇒ (2) is trivial. To see that (2) ⇒ (3), assume that I is n-Fubini for some n with 2 ≤ n ≤ ω. Then there exists a continuous map h : K → K n such that for any i ∈ n and any Borel subset B ∈ I n i of K n the preimage h −1 (B) belongs to the family I. Let p :
, be the projection of K n onto the first two coordinates. We claim that the map h 2 := p • h : K → K 2 witnesses that the ideal I is 2-Fubini. Given any i ∈ 2 and any Borel subset B ∈ I 2 i of K 2 , observe that the preimage p −1 (B) is a Borel subset of X n that belongs to the family I n i . Now the choice of the map h guarantees that h −1
(3) ⇒ (1) Assume that I is 2-Fubini, which means that there exists a continuous map h : K → K 2 such that for any i ∈ 2 = {0, 1} and any Borel subset B ∈ I 2 i of K 2 the preimage h −1 (B) belongs to the family I. For every i ∈ 2 let π i : K 2 → K, π i : x → x(i), be the coordinate projection. For every integer n ∈ N consider the map
For n = 1 the map H 1 coincides with h. Define a sequence of continuous maps (h n :
by the recursive formula: h 2 = h and h n+1 = H n • h n for n ≥ 2.
We claim that for every n ≥ 2 the map h n witnesses that the family I is n-Fubini. For n = 2 this follows from the choice of the map h 2 = h. Assume that for some n ≥ 2 we have proved that for every i ∈ n and every Borel set B ∈ I n (B)) ∈ I by the inductive assumption. Next, we prove that the family I is ω-Fubini. This is trivial if K = ∅. So, we assume that K = ∅ and fix any point θ ∈ K. For every n ∈ N identify the power K n with the subset
, be the projection onto the k-th coordinate. Observe that for every k < n − 1 we have
which implies that the sequence of maps h n :
We claim that the map h ω : K → K ω witnesses that the family I is ω-Fubini. Fix any i ∈ ω and a Borel subset
Observe that for any k < m we get
which implies that the sequence (g m ) ∞ m=i+2 converges to the continuous map g ω :
We claim that h m+1 = g m • h i+2 for every m ≥ i + 2. This equality holds for m = i + 2 by the definitions of g i+2 := H i+2 and h i+3 := H i+2 • h i+2 . Assume that for some m ≥ i + 2 we have proved that
By the Principle of Mathematical Induction, the equality h m+1 = g m • h i+2 holds for every m ≥ i + 2. This
. Take any a ∈ K (i+2)\{i} and consider the embedding e a : . Taking into account that the map h i+2 : K → K i+2 witnesses that the family I is (i+2)-Fubini, we conclude that h
i+2 (D) ∈ I, which means that the map h ω : K → K ω witnesses that the family I is ω-Fubini.
Theorem 11.3. If I is a Fubini ideal on a compact space K, then for any Polish group X the semi-ideal HI of Haar-I sets in X is an ideal.
Proof. Since the ideal I is Fubini, there exists a continuous map h : K → K × K such that for every i ∈ {0, 1} and any Borel set B ∈ I 2 i the preimage h −1 (B) belongs to the ideal I. To show that the semi-ideal HI is an ideal, we shall prove that the union A ∪ B of any Haar-I sets A, B in the Polish group X is Haar-I. By definition, the sets A, B are contained in Borel Haar-I sets in X. So, we can assume that the Haar-I sets A and B are Borel. Let f A , f B : K → X be continuous maps such that for every x ∈ X the sets f 
It is easy to see that for every x ∈ X the Borel set f −1 AB (A + x) belongs to the family I 2 0 . The choice of the map h guarantees that the Borel set
AB (A + x)) belongs to the ideal I. By analogy we can prove that the Borel set f −1 (B + x) belongs to the ideal I. Then
, which means that the map f : K → X witnesses that the union A ∪ B is Haar-I in X.
Theorem 11.4. If I is a Fubini σ-ideal on a zero-dimensional compact space K, then for any Polish group X the semi-ideal HI is a σ-ideal.
Proof. Let ρ be a complete invariant metric generating the topology of the Polish group X. To prove that the semi-ideal HI is a σ-ideal, take a countable family {A n } n∈ω of Haar-I Borel sets in X.
Claim 11.5. For every n ∈ ω there exists a continuous map f n : K → X such that diam f n (K) ≤ 1 2 n and for every x ∈ X the set f −1 n (A n + x) belongs to the σ-ideal I. Proof. Since A n is Haar-I, there exists a continuous map g n : K → X such that for every x ∈ X the set g −1 n (A n + x) belongs to the σ-ideal I. Since K is zero-dimensional and Lindelöf, there exists a disjoint cover U of K by non-empty open sets U ⊂ K such that diam g n (U ) ≤ 1 2 n+1 . In each set U ∈ U choose a point z U and consider the continuous map
The choice of the maps f n :
is well-defined and continuous. By Theorem 11.2, the ideal I is ω-Fubini. So there exists a continuous map h : K → K ω such that for every n ∈ ω and every Borel set B ⊂ I ω n in K ω the preimage h −1 (B) belongs to the ideal I. We claim that the continuous map g = f • h : K → X witnesses that the union A = n∈ω A n is Haar-I in X. We need to show that for every x ∈ X the Borel set g −1 (A + x) belongs to the σ-ideal I. The choice of the sequence (f n ) n∈ω and the definition of the map f ensure that for every n ∈ N the Borel set f −1 (A n +x) belongs to the family I ω n . By the choice of the map h, the preimage h −1 (f −1 (A n +x)) = g −1 (A n +x) belongs to I. Since I is a σ-ideal, the set g −1 (A + x) = n∈ω g −1 (A n + x) belongs to I.
Theorem 11.6. If I is a Fubini σ-ideal on a zero-dimensional compact space K, then for any Polish group X we have the inclusions σHI ⊂ HσI ⊂ HI.
Proof. The inclusion HσI ⊂ HI follows from the inclusion σI ⊂ I. To see that σHI ⊂ HσI, take any set A ∈ σHI in the Polish group X. By definition, A ⊂ n∈ω F n for some closed Haar-I sets F n ⊂ X. Since HI is a σ-ideal, the countable union F = n∈ω F n is Haar-I. By the definition of a Haar-I set, there exists a continuous map f : K → X such that for every x ∈ X the F σ -set f −1 (F + x) belongs to the ideal I, and being of type F σ , belongs to the σ-ideal σI. This means that F is Haar-σI and so is the subset A of F .
The Kuratowski-Ulam Theorem [21, 8.41 ] implies the following fact.
Theorem 11.7. For any Polish space K homeomorphic to its square K ×K, the σ-ideal M K of meager subsets of K is Fubini. In particular, the σ-ideal M of meager sets in the Cantor cube 2 ω is Fubini. 
, and observe that for every x ∈ X we get f −1 (A 0 + x) ∈ I 2 0 and f
for all x ∈ X. Since the pair (I, J ) is Fubini, there exists a continuous map h : K → K × K such that for any Borel sets B 0 ∈ I 2 0 and B 1 ∈ J 2 1 in K 2 the preimages h −1 (B 0 ) and h −1 (B 1 ) belong to the semi-ideals I and J , respectively.
Consider the continuous map g = f • h : K → X and observe that for every x ∈ X we have
Consequently, for the Borel setÃ = A 0 ∩ A 1 ⊃ A in X we get
witnessing that the set A belongs to the semi-ideal H(I ∩ J ). 
Generically Haar-I sets in Polish groups
Let X be a Polish group. It is well-known that for a compact metrizable space K the group C(K, X) of all continuous functions from K to X is Polish with respect to the compact-open topology which is generated by the sup-metricρ (f, g) = sup
where ρ is any complete invariant metric generating the topology of the Polish group X. Let F (K, X) be the subspace of C(K, X) consisting of functions f : K → X with finite image f (K). It is clear that F (K, X) is a subgroup of the topological group C(K, X). The subgroup F (K, X) is dense in C(K, X) if the compact space K is zero-dimensional.
For a semi-ideal I on a compact metrizable space K and a subset A of a Polish group X, consider the subset
called the witness set for A. Observe that W I (A) = ∅ if and only if A is Haar-I.
Proposition 12.1. For any ideal I on a compact metrizable space K and any subset A of a Polish group X we have the equality
Proof. Given two functions w ∈ W I (A) and f ∈ F (K, X), we should prove that the function g := w +f belongs to W I (A). Observe that U = {f −1 (x) : x ∈ X} is a finite disjoint cover of K by closed-and-open sets. For every non-empty set U ∈ U the image f (U ) is a singleton. Consequently, for every x ∈ X we have the equality
and finally, g −1 (A + x) = U∈U U ∩ g −1 (A + x) ∈ I as I is an ideal.
Observe that for any zero-dimensional compact metrizable space K and any Polish group X the subgroup F (K, X) of functions with finite range is dense in the function space C(K, X). This fact combined with Proposition 12.1 implies the following trichotomy.
Theorem 12.2. For any ideal I on a zero-dimensional compact metrizable space K and any subset A of a Polish group X the set W I (A) has one of the following mutually exclusive properties:
(1) W I (A) is empty; (2) W I (A) meager and dense in C(K, X);
Following [8] we say that a semi-ideal I on K is Σ 
and δ : X × X → X, δ : (x, y) → y − x, implies that the set
is analytic in C(K, X). Here by pr : C(K, X) × X → C(K, X) we denote the natural projection.
Since coanalytic sets in Polish spaces have the Baire property, Proposition 12.3 and Theorem 12.2 imply the following trichotomy. ideal I on a zero-dimensional compact metrizable space K and any analytic subset A of a Polish group X the set W I (A) has one of the following mutually exclusive properties:
We recall that a subset M of a topological space X is called comeager if its complement X \ M is meager in X. A subset M of a Polish space X is comeager if and only if M contains a dense G δ -subset of X.
The above trichotomy motivates the following definition.
Definition 12.5. Let I be a semi-ideal on a compact metrizable space K. A subset A of a Polish group X is called generically Haar-I if its witness set W I (A) is comeager in the function space C(K, X). By GHI we shall denote the semi-ideal generated by Borel generically Haar-I sets in X.
Taking into account that a countable intersection of comeager sets in a Polish space is comeager, we can see the following fact. Proposition 12.6. For any ideal (resp. σ-ideal) I on a compact metrizable space K and any Polish group X the family of all generically Haar-I sets in X is an invariant ideal (resp. a σ-ideal).
Generically Haar-I sets nicely behave under homomorphisms. 
Indeed, for any function
, which means that for any y ∈ Y the preimage (h • ϕ) −1 (A + y) ∈ I. Then for any x ∈ X we obtain
which means that ϕ ∈ W I (h −1 (A)).
Theorem 12.8. Let I be semi-ideal of subsets of a zero-dimensional compact metrizable space K = I. A subset A of a Polish group X is generically Haar-I if the difference A − A is meager in X.
Proof. Assuming that some set A ⊂ X has meager difference A − A in X, we shall show that A is generically Haar-I in X. This is trivial if A is empty. So we assume that A is not empty. The set A − A, being meager is contained in a meager F σ -set F ⊂ X. Consider the continuous map δ : X × X → X, δ : (x, y) → y − x, and observe that it is open. This implies that δ −1 (F ) is a meager F σ -set in X × X and its complement G = (X ×X)\δ
2 ⊂ G} is a dense G δ -set in the hyperspace K(X). Consider the continuous map r : C(K, X) → K(X), r : f → f (K). By the continuity of r, the preimage r −1 (B) is a G δ -set in the function space C(K, X).
Proof. Fix a complete metric ρ generating the topology of the Polish group X. Given any non-empty open set U ⊂ C(K, X), we should find a function f ∈ U with f (K) ∈ B.
Since K is zero-dimensional, we can find a function f ∈ U with finite range f (K). Find ε > 0 such that each function g ∈ C(K, X) withρ(g, f ) < ε belongs to U. By the density of the set B in K(X), there exists a compact set B ∈ B such that for every x ∈ f (K) there exists a point γ(x) ∈ B with ρ(x, γ(x)) < ε. Then γ : f (K) → B is a continuous map such that the function g := γ • f : K → X hasρ(g, f ) < ε and hence g ∈ U.
Since g(K) = γ(f (K)) ⊂ B ∈ B, the function g belongs to U ∩ r −1 (B).
Since the Polish group X contains a non-empty meager subset A − A, it is not discrete and hence contains no isolated points. By Lemma 2.2, the set E(K, X) of injective continuous maps is a dense G δ -set in C(K, X). Then the intersection E(K, X) ∩ r −1 (B) also is a dense G δ -set in C(K, X). To see that A is generically Haar-I, it suffices to check that E(K, X) ∩ r −1 (B) ⊂ W I (A). Take any function f ∈ E(K, X)∩r −1 (B) and observe that f : K → X is an injective function with f (K) ∈ B. We claim that for every x ∈ X the set f −1 (A + x) contains at most one point and hence belongs to the semiideal I (as ∪I = K). Assuming that f −1 (A + x) contains two distinct points a, b, we conclude that f (a), f (b) are two distinct points of A + x and hence f (a) − f (b) ∈ A − A. On the other hand, f (K) ∈ B and hence (f (b), f (a)) ∈ (f (K)) 2 ⊂ G and
which contradicts f (a)−f (b) ∈ A−A. This contradiction shows that |f −1 (A+x)| ≤ 1 and hence f −1 (A+x) ∈ I. So, f ∈ W I (A).
Corollary 12.10. Let I be a semi-ideal of subsets of a zero-dimensional compact metrizable space K = I. If an analytic subset A of a Polish group X is not generically Haar-I, then the difference A − A is not meager in X and the set (A − A) − (A − A) is a neighborhood of zero in X.
Proof. If an analytic subset A ⊂ X is not generically Haar-I, then the set A − A is not meager in X by Theorem 12.8. Since A is analytic, the difference set A − A is analytic too (being a continuous image of the product A × A). By [21, 21.6] , the analytic set A − A has the Baire Property in X and being non-meager, contains a non-meager G δ -set G. By Pettis-Piccard Theorem 3.4, the set G − G ⊂ (A − A) − (A − A) is a neighborhood of zero.
Corollary 12.10 implies another corollary.
Corollary 12.11. Let I be a semi-ideal of subsets of a zero-dimensional compact metrizable space K = I. For any Polish group X the semi-ideals GHI and HI have the weak Steinhaus property.
Problem 12.12. Let I be a semi-ideal of subsets of a zero-dimensional compact metrizable space K = I. Have the σ-ideals σHI and σGHI the weak Steinhaus property for every locally compact Polish group? Remark 12.13. By Corollary 3.7 and Theorem 5.7, the answer to Problem 12.12 is affirmative for the ideals N and M.
Proposition 12.14. Let I be a semi-ideal on a zero-dimensional compact metrizable space K and Z be a closed subset of K. Any generically Haar-I set A in a Polish group X is generically Haar-I|Z for the semi-ideal I|Z = {I ∩ Z : I ∈ I} on Z.
Proof. Since A is generically Haar-I, its witness set W I (A) is comeager in the function space C(K, X). The zero-dimensionality of K ensures that Z is a retract of K. Consequently, the restriction operator r : C(K, X) → C(Z, X) is surjective and by [23, 4.27] is open. Then the image r(W I (A)) is comeager in C(Z, X). It remains to observe that r(W I (A)) ⊂ W I|Z (A) and conclude that the set A is generically Haar-I|Z. Now we explore the relation of the semi-ideal GHI to other semi-ideals on Polish groups. Proposition 12.15. Let I be a proper semi-ideal on a zero-dimensional compact metrizable space K. Each generically Haar-I set B with the Baire Property in a Polish group X is meager.
Proof. For the proof by contradiction suppose that the set B is not meager in X. Since B has the Baire property in X, for some open set U ⊂ X the symmetric difference U △B is meager in X. Since B is not meager, the open set U is not empty. The meager set U \ B ⊂ U △B is contained in some meager
The zero-dimensionality of K implies that C(K, G) is a dense G δ -set in the open subset C(K, U ) of the function space C(K, X). Since the witness set W I (B) is comeager in C(K, X), the intersection C(K, G)∩W I (B) is not empty and hence contains some function f : K → G ⊂ B. Then K = f −1 (B) ∈ I which contradicts the properness of the semi-ideal I.
Proposition 12.16. Let I be a semi-ideal of sets with empty interior on a compact metrizable space K. If an F σ -set A in a Polish group X is generically Haar-I, then it is generically Haar-M, where M is the σ-ideal of meager sets in K.
Proof. If A is generically Haar-null in X, then the set W I (A) = {f ∈ C(K, X) : ∀x ∈ X f −1 (A + x) ∈ I} is comeager in the function space C(K, X). Observe that for every f ∈ W I (A) and x ∈ X the preimage f −1 (A + x) is an F σ -subset of K that belong to the semi-ideal I. Assuming that the F σ -set f −1 (A + x) is not meager in K, we can conclude that the set f −1 (A + x) ∈ I has non-empty interior in K, which contradicts the choice of the semi-ideal I. This contradiction shows that W I (A) ⊂ W M (A), which implies that the set W M (A) is comeager in C(K, X) and A is generically Haar-M. Theorem 12.18. Let I be a semi-ideal on a zero-dimensional compact metrizable space K such that I ∩ K(K) is a G δ -set in the hyperspace K(K). Then for any compact set A in a Polish group X the witness set W I (A) is a G δ -set in C(K, X). Consequently, A is Haar-I if and only if A is generically Haar-I.
Proof. Since I ∩ K(K) is a G δ -set in K(K), the complement K(K) \ I can be written as the union n∈ω K n of an increasing sequence (K n ) n∈ω of compact sets K n in the hyperspace K(K). It is easy to check that for every n ∈ ω the set ↑K n = {B ∈ K(K) : ∃D ∈ K n D ⊂ B} is closed in K(K) and does not intersect the semi-ideal I. Replacing each set K n by ↑K n , we can assume that K n = ↑K n for all n ∈ ω.
Observe that
To see that W I (A) is a G δ -set in C(K, X), it remains to prove that for every n ∈ ω the set
For every i ∈ ω find a point x i ∈ X such that f
is not empty and hence x i belongs to the compact set f i (K) − A ⊂ D − A. Replacing the sequence (f i ) i∈ω by a suitable subsequence, we can assume that the sequence (x i ) i∈ω converges to some point x ∈ D−A and the sequence (K i ) i∈ω converges to some compact set K ∞ in the compact space
∞ (A + x) and hence f −1 ∞ (A + x) ∈ ↑K n = K n , which means that f ∞ ∈ F n and the set F n is closed in C(K, X).
Therefore the witness set W I (A) of A is a G δ -set in C(K, X). If the set A is Haar-I, then the witness set W I (A) is not empty and hence dense in C(K, X) by Theorem 12.2. Being a dense G δ -set, the witness set W I (A) is comeager in C(K, X), which means that A is generically Haar-I.
Corollary 12.19. Let I be a σ-continuous semi-ideal on a zero-dimensional compact metrizable space K such that I ∩ K(K) is a G δ -set in the hyperspace K(K). Then for any σ-compact set A in a Polish group X the witness set W I (A) is a G δ -set in the function space C(K, X). Consequently, A is Haar-I if and only if A is generically Haar-I.
Proof. Given a σ-compact set A ⊂ X, write it as the union A = n∈ω A n of an increasing sequence (A n ) n∈ω of compact sets A n ⊂ X. By Theorem 12.18, for every n ∈ ω the witness set W I (A n ) is a G δ -set in C(K, X). Since the semi-ideal I is σ-continuous, the witness set W I (A) is equal to the G δ -set n∈ω W I (A n ).
If the σ-compact set A is Haar-I, then the witness set W I (A) is non-empty and hence dense in C(K, X) by Theorem 12.2. Now we see that the dense G δ -set W I (A) is comeager in C(K, X), which means that the set A is generically Haar-I.
Remark 12.20. The papers of Solecki [30] and Zelený [34] contain many examples of semi-ideals I on compact metrizable spaces K such that I ∩ K(K) is a G δ -set in K(K). Now we shall evaluate the Borel complexity of the set F (X) ∩ GHI in the space F (X) of all closed subsets of a Polish group X. We recall that the space F (X) is endowed with the Fell topology, whose Borel σ-algebra is called the Effros-Borel structure of the hyperspace F (X). It is well-known [21, 12.6 ] that this structure is standard, i.e., it is generated by a suitable Polish topology on F (X). So, we can speak of analytic and coanalytic subsets of the standard Borel space F (X).
We shall need the following folklore fact.
Lemma 12.21. For any Polish space X the set
Proof. Let ρ be a complete metric generating the topology of the Polish space X. For every n ∈ ω, fix a countable cover U n of X by open sets of diameter < 1 2 n . Taking into account that
we see that the set P is of type G δ in K(X) × F (X).
Proposition 12.22. Let I be a semi-ideal on a compact metrizable space K such that K(X) ∩ I is a coanalytic subset of the hyperspace K(K). Then for any Polish group X the set F (X) ∩ GHI is coanalytic in the standard Borel space F (X).
Proof. Observing that for any non-empty closed subset C ⊂ K the map
is continuous and taking into account Lemma 12.21, we conclude that the set
We claim that the map
is Borel. We need to check that for any open set U ⊂ K and compact set C ⊂ K the sets Ψ −1 (U + ) and
To see that Ψ −1 (U + ) is Borel, write U as the countable union U = n∈ω K n of compact subsets K n ⊂ U and observe that
is a countable union of G δ -sets. Therefore, the map Ψ :
Since the set K(K) ∩ I is coanalytic in K(K), the set F (K) ∩ I is coanalytic in F (K) = K(K) ∪ {∅} and the preimage Ψ −1 (I) is coanalytic in the standard Borel space F (X) × C(K, X) × X. Then the set
is an analytic subspace of the standard Borel space F (X) × C(K, X), and its complement
is a coanalytic subset of F (X) × C(K, X). Now [21, 36.24] implies that the set
is coanalytic in the standard Borel space F (X).
Theorem 12.23. Let I be a proper σ-ideal on 2 ω such that N ⊂ I and I ∩ K(2 ω ) be a coanalytic set in K(2 ω ). Each non-locally compact Polish group X contains a closed subset F ⊂ X, which is openly Haar-null, but not generically Haar-I. Consequently, HN
• ⊂ GHI and GHI = HI on X.
Proof. By Proposition 12.22, the set F (X) ∩ GHI is coanalytic in the standard Borel space F (X). On the other hand, by Corollary 10.12, there exists a continuous map Φ :
Then the preimage Φ −1 (GHI) is a coanalytic subset of the standard Borel space F (ω ω ). By a result of Hjorth [19] (mentioned in [29, p.210] and [32, 4.8] ), the set CND is Σ This theorem can be easily derived from Corollary 12.19 and the following lemma.
Lemma 13.5. Let K be a zero-dimensional compact metrizable space.
(1) The family {C ∈ K(K) : C is meager in K} is a G δ -set in the hyperspace K(K).
(2) For any probability measure µ ∈ P (K) the family {C ∈ K(K) : µ(C) = 0} is a G δ -set in the hyperspace K(K). 
2. Fix a σ-additive Borel probability measure µ on K. The σ-additivity of the measure µ implies that the measure µ is regular in the sense that for any ε > 0 and any closed set C ⊂ K there exists an open neighborhood
The regularity of the measure µ implies that for every ε > 0 the set {C ∈ K(K) : µ(C) < ε} is open in K(K). Then the set
3. The definition of the Vietoris topology implies that for every n ∈ N the set {C ∈ K(K) : |C| ≤ n} is closed (and hence G δ ) set in K(K).
Lemma 13.5 and Theorem 12.24 imply the following characterization of locally compact Polish groups. Theorem 13.6. For a Polish group X the following conditions are equivalent:
(1) X is locally compact; (2) each closed Haar-null set in X is generically Haar-null; (3) each closed Haar-meager set in X is generically Haar-meager. (4) each closed Haar-null set in X is generically Haar-meager.
Remark 13.7. The equivalence (1) ⇐ (2) in Theorem 13.6 was proved by Dodos [11] . In fact, our proof of Theorem 13.6 is a suitable modification of the proof of Corollary 9 in [11] .
Now we prove characterizations of generically Haar-null and generically Haar-meager sets showing that our definition of such sets is equivalent to the original definitions given in [12] , [13] and [2] . Theorem 13.8. A subset A of a non-discrete Polish group X is (1) generically Haar-null if and only if the set T (A) := {µ ∈ P (X) : ∀x ∈ X µ(A + x) = 0} is comeager in the space P (X) of probability σ-additive Borel measures on X; (2) generically Haar-meager if and only if the set K M (A) := {K ∈ K(X) : ∀x ∈ X K ∩ (A + x) ∈ M K } is comeager in the hyperspace K(X); (3) generically Haar-countable if and only if the set K ≤ω (A) := {K ∈ K(X) : ∀x ∈ X |K ∩ (A + x)| ≤ ω} is comeager in K(X); (4) generically Haar-finite if and only if the set K <ω (A) := {K ∈ K(X) : ∀x ∈ X |K ∩ (A + x)| < ω} is comeager in K(X); (5) generically Haar-n for some n ∈ N if and only if the set K ≤n (A) := {K ∈ K(X) : ∀x ∈ X |K∩(A+x)| ≤ n} is comeager in K(X).
Proof. Fix a complete metric ρ generating the topology of the Polish group X. The metric ρ induces the complete metricρ(f, g) = max x∈2 ω ρ(f (x), g(x)) on the function space C(2 ω , X).
1. Consider the continuous map
where λ is the Haar measure on the Cantor cube 2 ω . By Lemma 2.2, the subspace E(2 ω , X) consisting of injective maps is dense
It is easy to see that the sets
the family f n (2 ω ) n∈ω is disjoint}, and
are dense G δ in C(2 ω , X) ω . Let P 0 (X) be the subspace of P (X) consisting of all strictly positive continuous probability measures on X. Since the Polish group X is non-discrete, the set P 0 (X) is dense in P (X). Observe that Σ(D) ⊂ P 0 (X). The following claim implies that Σ(D) = P 0 (X).
Claim 13.9. For every measure µ ∈ P 0 (X) and any closed nowhere dense F ⊂ X with µ(F ) = 0 there exists a sequence f = (f n ) n∈ω ∈ D such that Σ( f ) = µ and n∈ω f n (2 ω ) ⊂ X \ F .
Proof. Fix a countable family (U n ) n∈ω of non-empty open sets in X \ F such that each non-empty open set U ⊂ X contains some set U n . By induction we shall construct an increasing number sequence (n k ) k∈ω ∈ N ω and a function sequence (f n ) n∈ω ∈ E(2 ω , X) ω such that for every k ∈ ω the following conditions hold:
and for any n ∈ ω with n k < n < n k+1 we get
To start the inductive construction, put n −1 = −1. Assume that for some k ≥ −1 we have constructed a number n k and a sequence (f n ) n≤n k satisfying the inductive assumptions (1)- (5) . The density of D in X and the inductive assumptions (2) and (4) guarantee that the compact set n≤n k f n (2 ω ) is nowhere dense in X. Then the open set U
is not empty and hence has positive measure µ(U ′ k ). So, we can choose a number n k+1 > n k such that 2 n k+1 +1 ·µ(U ′ k ) > 1. The continuity of the measure µ guarantees that the dense Polish subspace
Lemma 4.5 yields an injective continuous map f n k+1 : 2 ω → Π k such that for any Borel subset S ⊂ 2 ω we have
It is clear that the map f n k+1 satisfies the conditions (2), (3) of the inductive assumption.
Next, by finite induction, for every number n in the interval (n k , n k+1 ) we shall construct an injective continuous map f n ∈ E(2 ω , X) satisfying the conditions (4), (5) of the inductive construction. Assume that for some n ∈ ω with n k < n < n k+1 the sequence of maps (f i ) n k <i<n satisfying the conditions (4)-(5) has been constructed. The conditions (3) and (5) guarantee that µ(f i (2 ω )) = 1 2 i+1 for every i < n. By the condition (4), the family {f n k+1 (2 ω )} ∪ {f i (2 ω )} i<n is disjoint. Since µ(D) = µ(F ) = 0, the Polish subspace
Consider the probability measure µ n ∈ P (X n ) defined by µ n (S) = µ(S∩Xn) µ(Xn) for a Borel subset S ⊂ X n . For the number a n = 1 2 n+1 ·µ(Xn) < 1, Lemma 4.5 yields an injective map f n : 2 ω → X n such that for every Borel subset S ⊂ 2 ω we have µ n (f n (S)) = a n · λ(S) and hence
which means that the map f n satisfies the inductive assumptions (4) and (5) . This completes the inductive step.
After completing the inductive construction, we obtain a sequence (f n ) n∈ω ∈ D such that µ(f n (S)) = 1 2 n+1 λ(S) for every Borel subset S ⊂ 2 ω . In particular, the σ-compact set A = n∈ω f n (2 ω ) has measure
We claim that µ = n∈ω 1 2 n+1 Pf n (λ). Indeed, for any Borel subset B ⊂ X we have containing (f n ) n∈ω . Find m ∈ ω and ε > 0 such that each sequence (g n ) n∈ω ∈ D with max n<mρ (f n , g n ) < 3ε belongs to the open set W. Find a finite disjoint open cover U of 2 ω such that for every U ∈ U and every k < m the set f k (U ) has diameter < ε in X. We can assume that U is of the form U = {U s : s ∈ 2 l } for some l ∈ ω where U s = {t ∈ 2 ω : t|l = s} for s ∈ 2 l . In this case each set U ∈ U has Haar measure λ(U ) = 1 2 l . For a subset S ⊂ X by B(S; ε) = x∈S B(x; ε) we denote the open ε-neighborhood of S in the metric space (X, ρ). Since (f n ) n∈ω ∈ D ⊂ D 3 , the family f k (2 ω ) k∈ω is disjoint. So, we can find a positive δ < ε such that
• the family B(f k (2 ω ); δ) k<m is disjoint, and • for every k < m the family B(f k (U ); δ) U∈U is disjoint.
Consider the measure µ = n∈ω 1 2 n+1 P f n (λ) ∈ P 0 (X). The density of n∈ω f n (2 ω ) in X implies that for every U ∈ U and every k ∈ ω the δ-neighborhood B(f k (U ); δ) of the nowhere dense compact set
is an open neighborhood of the measure µ in P 0 (X). We claim that V ⊂ Σ(W). Fix any measure ν ∈ V. For every n < m and U ∈ U the δ-neighborhood B(f n (U ); δ) has measure ν(B(f n (U ); δ)) > 1 2 n+1 · λ(U ). Consider the probability measure ν ′ on X defined by ν ′ (S) = ν(S∩B(fn(U);δ)) ν(B(fn(U);δ)) for every Borel subset S ⊂ X. Using Lemma 4.5, for the number a n,U = λ(U) 2 n+1 ·ν(B(fn(U);δ)) < 1 find an injective continuous map g n,U : U → B(f n (U ); δ) \ D such that for every Borel subset S ⊂ U we get
and hence
Observe that for every x ∈ U we get
By the choice of δ, for every n < m the family B(f n (U ); δ) U∈U is disjoint and so is the family g n,U (U ) U∈U . Then the map g n : 2 ω → X defined by g n |U = g n,U for U ∈ U, is injective and
Since the family B(f n (2 ω ); δ) n<m is disjoint, so is the family (g n (2 ω )) n<m . The equality (2) implies that ν(g n (S)) = 1 2 n+1 · λ(S) for any n < m and any Borel subset S ⊂ 2 ω . In particular, ν(g n (2 ω )) = 1 2 n+1 . Consider the compact nowhere dense set F = n<m g n (2 ω ) and observe that it has measure ν(F ) = n<m ν(g n (2 ω )) = n<m 1 2 n+1 = 1 − 1 2 m . Now consider the continuous probability measure ν
The strict positivity of the measure ν and the nowhere density of F in X imply that the measure ν ′ is strictly positive and hence ν ′ ∈ P 0 (X). By Claim 13.9, there exists a sequence (g
Observe that the sequence (g n ) n∈ω belongs to the set D and max n<mρ (g n , f n ) < 3ε. So, (g n ) n∈ω ∈ W. We claim that ν = n∈ω 1 2 n+1 · P g n (λ). Indeed, for every Borel set S ⊂ X we have
By [21, 8.19 ], the space P 0 (X) is Polish, being an open continuous image of the Polish space D. Then P 0 (X) is a dense G δ -set in P (X) and T (A) is comeager in P (X) if and only if T (A) ∩ P 0 (X) is comeager in P 0 (X). 2. Now we prove the second statement of Theorem 13.8. Consider the continuous map r :
. By Lemma 2.2, the subspace E(2 ω , X) of injective maps is dense G δ in C(2 ω , X). The image r(E(2 ω , X)) coincides with the subspace K 0 (X) consisting of topological copies of the Cantor cube 2 ω in X.
Claim 13.11. The surjective map r :
Proof. To show that r is open, fix any function f ∈ B(2 ω , X). Given any ε > 0 we should find an open set W ⊂ K 0 (X) such that f (2 ω ) ∈ W and for any compact set K ∈ W there exists an injective map g ∈ E(2 ω , X) such thatρ(g, f ) < ε and g(2 ω ) = K. By the continuity of f , there exists a finite disjoint cover V of 2 ω by closed-and-open sets such that diam f (V ) < 1 2 ε for every V ∈ V. Choose a positive real number δ < 1 4 ε such that δ ≤ 1 2 {ρ(f (x), f (y)) : x ∈ U, y ∈ V } for any distinct sets U, V ∈ V. We claim that the open subset
of K 0 (X) has the required property. Indeed, take any set K ∈ W. Since {K ∩ B(f (V ); δ)} V ∈V is a disjoint open cover of K, for every V ∈ V the set K V := K ∩ B(f (V ); δ) is closed-and-open in K. The definition of W ensures that K V is not empty. Since K is homeomorphic to the Cantor cube, so is its closed-and-open subspace K V . Then we can find a homeomorphism g V : V → K V . Observe that for every x ∈ V we have
Since the family B(f (V ); δ) V ∈V is disjoint, the map g : 2 ω → X defined by g|V = g V for V ∈ V is injective. It is clear thatρ(g, f ) < ε and g(2 ω ) = K.
By [16, 5.5.8] , the space K 0 (X) is Polish, being an open continuous image of a Polish space. By [16, 3.9 .A], the Polish subspace K 0 (X) is a dense G δ -set in K(X).
is comeager in C(2 ω , X), which means that A is generically Haar-M. If A is generically Haar-M, then its witness set W M (A) is comeager in C(2 ω , X), the intersection W M (A) ∩ E(2 ω , X) is comeager in E(2 ω , X), its image r(W M (A) ∩ E(2 ω , X)) = K M (A) ∩ K 0 (X) is comeager in K 0 (X) (by Lemma 2.1), and finally the set K M (A) is comeager in K(X). (3)- (5) of Theorem 13.8 can be proved by analogy with the second statement.
3-5. The statements
Theorem 13.12. A non-empty subset A of a Polish group X is generically Haar-n in X for some n ∈ N if the set X·A n+1 := {(x + a 0 , . . . , x + a n ) : x ∈ X, a 0 , . . . , a n ∈ A} is meager in X n+1 .
Proof. For a compact subset K ⊂ X let K n+1 * = {(x 0 , . . . , x n ) ∈ K n+1 : |{x 0 , . . . , x n }| = n + 1} be the set of (n + 1)-tuples consisting of pairwise distinct points of K.
By Mycielski-Kuratowski Theorem [21, 19 .1], the set W * (A) := {K ∈ K(X) : K n+1 * ∩ (X·A n+1 ) = ∅} is comeager in the hyperspace K(X). We claim that for every K ∈ W * (A) and x ∈ X the set K ∩ (x + A) has cardinality ≤ n. Assuming the opposite, we could find n + 1 pairwise distinct points a 0 , . . . , a n ∈ A such that x + a i ∈ K for all i ≤ n. Then (x + a 0 , . . . , x + a n ) ∈ K n+1 * ∩ X · A n+1 , which contradicts the inclusion K ∈ W * (A). This contradiction yields the inclusion W * (A) ⊂ {K ∈ K(X) : ∀x ∈ X |K ∩ (A + x)| ≤ n}. By Theorem 13.8(5), the set A is generically Haar-n. 14. Haar-I sets in countable products of finite groups
In this section we check the smallness properties of some standard simple sets in countable products of finite groups. On this way we shall find some interesting examples distinguishing between Haar-I properties for various semi-ideals I.
For a group G let G * := G \ {θ} be the group with the removed neutral element.
Example 14.1. The compact metrizable group X = (Z/6Z) ω contains a closed subset A such that
(1) A + A is nowhere dense in X; (2) A − A = X; (3) A is generically Haar-2 in X; (4) A cannot be written as a countable union of closed sets which are null-1 or Haar-thin in X.
Proof. Consider the cyclic group C 6 := Z/6Z and observe that the set B = {6Z, 1 + 6Z, 3 + 6Z} ⊂ C 6 satisfies B − B = C 6 and B + B = {6Z, 1 + 6Z, 2 + 6Z, 3 + 6Z, 4 + 6Z} = C 6 . Then for the countable power A = B ω the set A + A is nowhere dense in X = C ω 6 and A − A = X. Observe that the set C 6 ·B 3 = {(x + b 0 , x + b 1 , x + b 2 ) : x ∈ C 6 , b 0 , b 1 , b 2 ∈ B} has cardinality |C 6 ·B 3 | ≤ 6 · 3 3 < 6 3 = |C 3 6 |, which implies that the set X·A 3 = {(x + a 0 , x + a 1 , x + a 2 ) : x ∈ X, a 0 , a 1 , a 2 ∈ A} is nowhere dense in X 3 . By Theorem 13.12, the set A is generically Haar-2 in X. Using Baire Theorem, Proposition 9.4 and Theorem 8.6, we can show that the set A cannot be written as a countable union of closed sets which are null-1 or Haar-thin in X. Example 14.2. Let (G k ) k∈ω be a sequence of non-trivial finite groups. For the closed subset A := k∈ω G * k of the compact Polish group X = k∈ω G k and a natural number n ∈ N the following conditions are equivalent:
(1) A is Haar-n; (2) A is generically Haar-n; (3) A is null-n; (4) A is generically null-n; (5) |G k | ≤ n + 1 for infinitely many numbers k ∈ ω.
Proof. We shall prove the implications (5) ⇒ (2) ⇔ (1) ⇒ (3) ⇔ (4) ⇒ (5). Among these implications, (1) ⇒ (3) is trivial and the equivalences (1) ⇔ (2) and (3) ⇔ (4) follows from Theorem 13.4. To prove that (5) ⇒ (2), assume that the set Ω = {n ∈ ω : |G k | ≤ n + 1} is infinite. We claim that for every k ∈ Ω the set G k · (G * k )
n+1 := {(x + a 0 , . . . , x + a n ) : x ∈ G k , a 0 , . . . , a n ∈ G * k } is not equal to G n+1 k . This follows from the observation that for every x ∈ G k and a 0 , . . . , a n ∈ G * k the set {x + a 0 , . . . , x + a n } has cardinality ≤ |G * k | < |G k |. On the other hand, the set G n+1 k contains vectors (x 0 , . . . , x n ) of cardinality min{|G k |, n + 1} = |G k |.
Then the set k∈Ω G k · (G * k ) n+1 is nowhere dense in k∈Ω G n+1 k and the set k∈ω G k · (G *
is nowhere dense in k∈ω G n+1 k = X n+1 . By Theorem 13.12, the set A is generically Haar-n in X.
To prove that (3) ⇒ (5), assume that the condition (5) does not hold. Then the set F = {k ∈ ω : |G k | ≤ n+1} is finite. In this case we shall show that the set A is not null-n in X. By Proposition 9.2, it suffices to show that for any null sequence (z i ) i∈ω in X there exists x ∈ X such that the set {i ∈ ω : z i ∈ A + x} has cardinality > n. Since the sequence (z i ) i∈ω converges to zero, for every k ∈ F there exists a number i k ∈ ω such that for every i ≥ i k the element z i (k) is equal to the neutral element θ k of the group G k . Choose any subset E ⊂ ω of cardinality |E| = n + 1 with min E ≥ max k∈F i k . Next choose any function x ∈ X = k∈ω G k such that x(k) / ∈ {z i (k) : i ∈ E} for any k ∈ ω. The choice of x is possible since for any k ∈ F we get {z i (k)} i∈E = {θ k } = G k and for any k ∈ ω \ F the set {z i (k) : i ∈ E} has cardinality ≤ |E| = n + 1 < |G k |. The choice of x ensures that for every i ∈ E and k ∈ ω we get z i (k) = x(k) and hence z i (k) ∈ G * k + x(k). Then {z i } i∈E ⊂ A + x, which implies that the set {i ∈ ω : z i ∈ A + x} ⊃ E has cardinality ≥ |E| = n + 1. Example 14.3. Let (G k ) k∈ω be a sequence of non-trivial finite groups. For the closed subset A := k∈ω G * k of the compact Polish group X = k∈ω G k the following conditions are equivalent:
(1) A is Haar-countable; (2) A is Haar-finite; (3) A is null-finite; (4) A is Haar-n for some n ∈ N; (5) A is generically Haar-n for some n ∈ N; (6) A is null-n for some n ∈ N; λ(K n ) ≥ ε. Since the hyperspace K(2 ω ) of compact subsets of 2 ω is compact, we can replace Ω by a smaller infinite set and assume that the sequence (K n ) n∈Ω converges to some compact set K ∞ ∈ K(2 ω ). By the regularity of the Haar measure λ on 2 ω , the set K ∞ has Haar measure λ(K ∞ ) ≥ ε. Using the regularity of the Haar measure λ on 2 ω and the convergence of the sequence (K n ) n∈Ω to K ∞ , we can choose an infinite subset Λ ⊂ Ω such that the intersection K := n∈Λ K n has positive Haar measure. Now take the element y ∈ X defined by y(n) = x(n) − α(n) if n ∈ Λ; θ(n) otherwise.
The inclusions f (K) ⊂ f (K n ) ⊂ A ∩ (x + Z n ) holding for all n ∈ Λ ensure that
and hence the set f −1 (y + B) ⊃ K does not belong to the ideals N ⊃ σN in 2 ω .
II) Next, consider the second (more difficult) case: lim n→∞ λ(f −1 (x + Z n )) = 0 for every x ∈ X. Our assumption implies that
for every x ∈ X. Here x ± α + Z n := (x + α + Z n ) ∪ (x − α + Z n ). For a closed subset F ⊂ X let supp (λ|F ) be the set of all point x ∈ F such that for each neighborhood O x ⊂ 2 ω the intersection O x ∩ F has positive measure λ(O x ∩ F ). The σ-additivity of the measure λ implies that λ(supp (λ|F )) = λ(F ).
On the Cantor cube 2 ω we consider the metric ρ(x, y) := inf{2 −n : n ∈ ω, x|n = y|n}. For a point x ∈ 2 ω and ε > 0 by B(x; ε) = {y ∈ 2 ω : ρ(x, y) < ε} we denote the open ε-ball centered at x in the metric space (2 ω , ρ). By induction we shall construct a decreasing sequence (F n ) n∈ω of closed subsets of 2 ω , a decreasing sequence (Ω n ) n∈ω of infinite subsets of ω and a sequence of points (x n ) n∈ω of 2 ω such that for every n ∈ ω the following conditions are satisfied:
(i) {x k } k≤n ⊂ F n ; (ii) min k<n ρ(x n , x k ) = max x∈Fn−1 min k<n ρ(x, x k ); (iii) Ω n−1 \ Ω n is infinite and min Ω n > n; (iv) for every k ≤ m ≤ n we have i∈Ωn λ(f −1 (f (x n ) ± α + Z i )) < (vi) F n = supp (µ|E n ) where E n = F n−1 \ i∈Ωn f −1 (f (x n ) ± α + Z i ).
We start the inductive construction letting F −1 = F 0 = 2 ω , Ω −1 = ω and x 0 be any point of F 0 . Observe that for every i ∈ ω the point f (x 0 ) does not belong to the clopen set f (x 0 ) ± α + Z i . This implies that for every m ∈ ω the set W m,0 (x 0 ) = B(x 0 ; 1 2 m ) ∩ F −1 \ i≤m f −1 (f (x 0 ) ± α + Z i ) has positive Haar measure.
Since the sequence λ(f −1 (f (x 0 ) ± α + Z i )) i∈ω tends to zero, we can choose an infinite set Ω 0 ⊂ ω with infinite complement ω \ Ω 0 such that i∈Ω0 λ(f −1 (f (x 0 ) ± α + Z i )) < 1 3 and for every m ∈ Ω 0 we have m<i∈Ω0 λ(f −1 (f (x 0 ) ± α + Z i )) < 1 2 λ(W m,0 (x 0 )). It is easy to see that the sets F 0 , Ω 0 and point x 0 satisfy the inductive conditions (i)-(vi) for n = 0. Now assume that for some n ∈ N we have constructed closed subsets F 0 ⊃ · · · ⊃ F n−1 , infinite sets Ω 0 ⊃ · · · ⊃ Ω n−1 and points x 0 , . . . , x n−1 ∈ F n−1 satisfying the inductive conditions (i)-(vi). Choose any point x n ∈ F n−1 satisfying the inductive condition (ii). Since F n−1 = supp (λ|F n−1 ) and the sequence λ(f −1 (f (x n )± α + Z i )) i∈ω converges to zero, we can choose an infinite subset Ω n ⊂ Ω n−1 satisfying the inductive conditions (iii)-(v). Put F n = supp (λ|E n ) where E n = F n−1 \ i∈Ωn f −1 (f (x n ) ± α + Z i ). We claim that for every k ≤ n the point x k belongs to F n . If k < n, then x k ∈ F n−1 = supp (λ|F n−1 ) by the inductive assumption. Taking into account that x n ∈ F n−1 ⊂ F k ⊂ X \ i∈Ω k f −1 (f (x k ) ± α + Z i ), we conclude that f (x n ) / ∈ f (x k ) ± α + Z i for every i ∈ Ω k and hence f (x k ) / ∈ f (x n ) ± α − Z i = f (x n ) ± α + Z i for every i ∈ Ω k ⊃ Ω n . Then x k ∈ E n = F n−1 \ i∈Ωn f −1 (f (x n ) ± α + Z i ). Since x n / ∈ i∈Ωn f −1 (f (x n ) ± α + Z i ), the point x n also belongs to E n .
To see that for every k ≤ n the point x k belongs to F n := supp (µ|E n ), it suffices to check that for every m ∈ Ω n the neighborhood B(x k ; Therefore, {x n } n∈ω ⊂ supp (λ|F ) and F = {x n } n∈ω = supp (λ|F ). By the continuity of the measure λ|F its support F has no isolated points. Then the dense set {x n } n∈ω in F also does not have isolated points.
For every n ∈ ω let y n := f (x n ) ∈ A. Now consider the function y ∈ X defined by y(i) = α(i) − y n (i) if i ∈ Ω n \ Ω n+1 for some n ∈ ω; θ(i) if i / ∈ Ω 0 .
We claim that for every k ∈ ω the point y k + y belongs to the set B. First we show that y k + y ∈ A. The inclusion y k + y ∈ A will follow as soon as we check that y k (i) + y(i) = θ(i) for all i ∈ ω. If i / ∈ Ω 0 , then y k (i) + y(i) = y k (i) = θ(i) as y k ∈ f (2 ω ) ⊂ A. If i ∈ Ω 0 , then there exists a unique number n ∈ ω such that i ∈ Ω n \ Ω n+1 and hence y k (i) + y(i) = y k (i) + α(i) − y n (i). It follows from y k / ∈ y n ± α + Z i that y k (i) = y n (i) − α(i) and hence y k (i) + y(i) = y k (i) + α(i) − y n (i) = θ(i). This completes the proof of inclusion y k + y ∈ A. Next, observe that for any i ∈ Ω k \ Ω k+1 we get y k (i) + y(i) = y k (i) + α(i) − y k (i) = α(i), which implies that y k + y ∈ B.
